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This thesis presents a panorama of significant generalizations of the Arrow-
Bar ankin-Blackwell Theorem in vector optimization from 1953 to 1999. The 
investigation is divided into two parts. The first part details indispensable 
knowledge concerning cones in real vector spaces, whereas the second part 
dissects the generalizations of this theorem in different topological vector 
spaces. During the studies, emphasis is put on mathematical considerations 
and techniques that are required in proving these results. Moreover, examples 
are provided to illustrate how these generalizations are applied in certain 
specific settings. 
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Introduction 
This thesis is an extensive survey on significant generalizations of the 
Arrow-Barankin-Blackwell Theorem, a famous result in the theory of vector 
optimization, from 1953, when this theorem was published, to 1999, casting 
light on necessary mathematical considerations and techniques involved in 
the studies. Stemming from decision-making problems which originate in 
economics, management science and other relevant disciplines, a number of 
problems in vector optimization, after being formulated properly, in fact 
pertain to finding all efficient points of a set in a partially ordered vector 
space. However, some efficient points exhibit certain undesirable properties 
such as incurring large marginal trade off and failing to be expressed as a 
solution of a suitable linear scalar optimization problem (e.g., q.v. [35]). 
With the purpose of eliminating such anomalous efficient points, numerous 
notions of proper efficiency have been introduced (e.g., q.v. [15]). Among 
these notions the one of positive proper efficiency is notable in that any 
positive proper efficient point can be regarded as a solution of a linear scalar 
optimization problem (cf. [20], Part II). Because of this advantage, it is 
natural to study the existence and density about these points. 
To seek for sufficient conditions guaranteeing that the set of positive 
iii 
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proper efficient points is dense in the set of efficient points has long been 
a momentous problem in the theory of vector optimization. Concerning this 
problem, Arrow, Barankin and Blackwell [2] proved that, in terms of modern 
terminology, the set of positive proper efficient points of a compact convex 
subset A of R"" is dense in the set of efficient points of A provided that W is 
equipped with the natural ordering. This result, which is now known as the 
Arrow-Barankin-Blackwell Theorem, has far-reaching implications in vector 
optimization and mathematical economics. For example, in mathematical 
economics, a positive proper efficient point can be regarded as an efficient 
allocation of resources sustained by a pricing system, which is signified by the 
linear functional supporting this efficient point; hence, the Arrow-Bar ankin-
Blackwell Theorem is analogous to the assertion that almost any efficient 
allocation of resources can be supported by an appropriate pricing system 
(cf. [13]). On account of the profound influence of this theorem, it has 
been generalized in many ways over the past years, and fruitful results were 
yielded. 
There are three chapters to this thesis. Chapter 1, an introductory part 
of this thesis, deals with certain essential preliminary knowledge related to 
cones in real vector spaces, establishing the basis of the studies in subsequent 
chapters. 
Chapters 2 and 3 are the heart of this thesis, dissecting multifarious 
remarkable generalizations of the Arrow-Bar ankin-Blackwell Theorem since 
the year 1953. These generalizations are first classified in several categories 
according to the settings and assumptions on which the corresponding proofs 
depend. Afterwards, generalizations of the same category are arranged in 
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respect of their generality such that more general results are stated prior to 
less general ones; thus, the studies will not proceed chronologically. Indeed, 
the purposes of these two chapters are the same. Nevertheless, for lucidity, 
Chapter 2 mainly details the generalizations in general topological vector 
spaces, while Chapter 3 elucidates those in the corresponding topological 
duals of normed spaces. 
Conventions of This Thesis 
I Notation 
This section mainly lists the symbols used throughout this thesis without 
additional explanation. Those not listed here are either commonly used in 
mathematical literature or explained in detail when they are employed. 
Basic Symbols 
• : the end of a proof 
: = : i s defined as 
X : a vector space with a set X over a scalar field F (F is usually taken to 
be E in this thesis unless otherwise stated.) 
Ox : the zero vector of a vector space X 
X' : the algebraic dual of X 
N : the set of natural numbers (including zero) 
Z+ : the set of positive integers (so N = Z+ U {0}) 
vi 
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a, b[ : the open interval {x G M | a < rr < 6]-
(The symbols ]a,b] and [a,b[ are interpreted accordingly.) 
a, +oo[ : the set {x G R | x ^ a} 
(The symbol ]a, H-oo[ is interpreted accordingly.) 
a, +00] : the set [a,+oo[U{+oo} 
(The symbol ]a, +00] is interpreted accordingly.) 
A\B : the complement of a set B relative to a set A 
AC B : the set A is a subset of the set B (including the case that A ==召） 
: the power set of a set A 
card (A) : the cardinal number of a set A 
Ho ： the least transfinite cardinal number 
：< : a partial ordering on some set 
r] : the largest integer not greater than the number r G M. 
x'^  : the positive part of a vector x in a Riesz space 
x~ : the negative part of a vector x in a Riesz space 
x\ : the absolute value of a vector x in a Riesz space 
|:r|| : the norm of a vector rr in a vector space 
dist(a:, A) : the distance from a vector x G X to a subset of X if X is 
equipped with a norm || . ||, i.e., the quantity infaeA H^ : — a\ 
Conventions of This Thesis viii 
: the characteristic function of a set A 
(^ n)nGZ+5 (^n) : a sequence indexed by Z+ 
{xa)aei : a net with an index set I 
Symbols for Algebraic or Topological Systems 
(X, X) : a topological vector space with a vector space X and a topology X 
(which may not be Hausdorff) for X 
(X, : a partially ordered vector space with a partial ordering < defined 
o n X 
(X, II • II) : a normed space with a vector space X and a norm || .丨丨 defined 
o n X 
(X, II • II) : a normed Riesz space with a partially ordered vector space 
(X, and a Riesz norm || • | 
(X, Y) : a dual system of two vector spaces X and Y 
Symbols for Dual Spaces 
In the following the vector space X is equipped with a topology.卞 
X* : the topological dual of X 
X** : the second topological dual of X 
tif a vector space is equipped with a norm topology, then, unless otherwise stated, the 
term 'topological dual' of this space always refers to the dual space with respect to this 
norm topology. 
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Symbols for Convergence 
In the following the vector space X is equipped with a topology. 
Xn-^ X : a, sequence {xn)n£Z+ in X converges to an element x e X 
Xa—^ X : a. net {xa)a£i in X converges to an element x e X 
Xn^ X : a, sequence {xn)n£Z+ in X converges weakly to an element x e X 
(The symbol x is interpreted accordingly.) 
Xn ^ X : a, sequence {xn)nez+ in X converges weakly* to an element x e X 
(The symbol Xa x is interpreted accordingly.) 
Symbols for Sets Formed from Other Sets 
In the following, X represents a vector space, x a point in X, A and B two 
subsets of X, and a a scalar in F. 
c\{A) : the topological closure of a set A if X is equipped with a topology 
w-cl(A) : the weak closure of a set ^ if X is equipped with a weak topology 
w*-cl(A) : the weak* closure of a set if X is equipped with a weak* 
topology 
int(A) : the topological interior of a set A if X is equipped with a topology 
x-\-A : the set {x-\-a \ a e A} (The symbol A-hx is interpreted accordingly.) 
X — A : the set {x—a \ a e A} (The symbol A—x is interpreted accordingly.) 
A-^B : the set {a + 6 I a G A, 6 G B} 
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A-B : the set {a-b \ a e A, b e B} 
OLA : the set {aa | a G A} 
—A : the set {—a \ a G A} 
CO (A) : the convex hull of the set A 
supp(/) : the support of a function f : A R if X is equipped with a 
topology, i.e., the set cl({a G A | / (a) + 0}) 
Symbols for Specific Sets 
In the following (X, || • ||) represents a normed space and x represents a point 
of X . 
Bx : the closed unit ball {x G X | \\x\\ < 1} 
Br{x) : the closed ball {y e X \ \\x - y\\ < r} 
B*{x) : the open ball {y e X \ \\x — y\\ < r} 
Sx : the unit sphere {x e X \ \\x\\ = 1} 
Symbols for Specific Spaces 
W^ : the n-dimensional Euclidean space with the norm || . || given by ||:r|| = 
k j p for any element x := Ori,."，：r^) in this space, where 
Xi G R for z = 1, • • • ,n 
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P (p G [1, +oo[): the Banach space of all bounded sequence of scalars, where 
the quantity JZ二 l^iF is finite for any element x : = � in this space, 
/ oo �去 
with the norm || • || given by \\x\\ = (X^口 l^jl^J ^ 
： the Banach space of all bounded sequences of scalars with the norm ||. | 
given by ||x|| = sup)谢 \xj\ for any element x ：二�rr�in this space 
Co : the Banach space of all sequences of scalars that converge to Ox with 
the same vector space operations and norm as 
E,//) {p G [1, +oo[): the Banach space of all (equivalence classes of) 
p-ih power /x-integrable functions on a set Q, where /i is a measure on a 
c7-algebra E of /i-measurable subsets of with the norm || • || given by 
1 
I/II = (JQ for any function f : Q ^ ¥ in this space (If there 
is no danger of confusion, this symbol will be simplified into or 
just LP.) 
: the Banach space of all (equivalence classes of) essentially 
bounded /i-measurable functions on fl with the norm || • || given by 
l/ll = mf{t G ]0, +oo[ I /I({A; G ^  | |/(a;)| > t}) = 0} for any function 
f : n in this space, where Q, E and /i are interpreted in the same 
way as they appear in E, /i) {p G [1, +oo[) (If there is no danger 
of confusion, this symbol will be simplified into or just 
C[a, b] : the Banach space of all continuous functions on a closed interval 
a, b] (a < b) with the norm given by ||/|| = maxte[a力]|/(亡)| for any 
function f in this space 
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Symbols for Specific Topologies 
a{X, X*) : the weak topology on X 
(T{X*,X) : the weak* topology on X* 
II Abbreviations 
This section lists the abbreviations adopted throughout this thesis without 
additional explanation. Those not listed here are commonly used in English. 
Ch. : chapter 
Cor. : corollary 
Def. : definition 
Ex. : example 
Prop. : proposition 
resp. : respectively 
RLCS : real locally convex vector space 
RNS : real normed space 
RTVS : real topological vector space 
Thm. : theorem 
w. : weakly 
Prerequisites 
This section lists some important theorems which will be employed in this 
thesis. A proof of each result stated here can be found in the reference to 
which the number enclosed in the bracket following the name of this result 
refers. 
The Alaoglu Compactness Theorem ([1], 4.79) 
Let (X, X) be a dual system over E, and let ^ be a neighborhood of Ox for 
some locally convex topology on X consistent with {X, X). Then the polar 
V° of y is a weakly* compact subset of X. 
The Banach-Alaoglu Theorem ([24], 2.6.18) 
If {X, II • II) is a normed space, then Bx* is weakly* compact. 
The Eberlein-Smulian Theorem ([24], 2.8.6) 
Let A be a nonempty subset of a normed space. Then the coming statements 
are equivalent. 
(a) A is weakly compact. 
(b) A is weakly count ably compact. 
xiii 
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(c) A is weakly limit point compact. 
(d) A is weakly sequentially compact. 
Eidelheit's Separation Theorem ([24], 2.2.26) 
Let (X, X) be a topological vector space, and let Ci and C2 be two nonempty 
convex subsets of X such that C2 has a nonempty topological interior. If 
Ci n int((72) 二 0, then there is a member x* G X* and a number r G K. such 
that 
(а) Re{x*{x))�r for any point x e Ci； 
(б) Re{x*{x)) ^ r for any point x G C2； and 
(c) Re{x*{x)) < r for any point x e int((72). 
James's Weak Compactness Theorem ([24], 2.9.3) 
Let A be a nonempty weakly closed subset of a Banach space {X, || • ||). Then 
the statements below are equivalent. 
(a) A is weakly compact. 
(b) The supremum of \x*\ on A is attained whenever x* is a bounded linear 
functional on X . 
(c) The supremum of \u*\ on A is attained whenever u* is a real-valued 
bounded linear functional on X. 
(d) The supremum of u* on A is attained whenever u* is a real-valued 
bounded linear functional on X. 
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The Krein-Smulian Theorem ([24], 2.7.11) 
Let C be a convex subset of the topological dual X* of a Banach space 
(X, II • II). Then C is weakly* closed if and only if the set CntBx* is weakly* 
closed for any number t G]0, +OO . 
Mazur's Theorem ([18], 12A. Cor. 1) 
If A is a convex subset of a real locally convex space {X, 1), then A is T-closed 
if and only if it is weakly closed. 
Milman's Theorem ([24], 2.10.15) 
If is a nonempty compact subset of a HausdorfF locally convex vector space 
{X, X) such that the set cl(co(K)) is also compact, then any extreme point 
of c\{co{K)) lies in K. 
Chapter 1 
Cones in Real Vector Spaces 
Simple as the definition of cones is, they exert seminal influence on the 
theory as well as on the applications of vector optimization. Many results in 
this field, including the focus of this thesis, i.e., generalizations of the Arrow-
Barankin-Blackwell Theorem, virtually depend on the properties of relevant 
cones defined in some real vector spaces. Therefore, to study the properties 
of cones is indispensable, and so a chapter treating of cones is put at the 
beginning of this thesis. 
The purpose of this chapter are twofold. In the first place, it elucidates 
the basic terminology and properties of cones in real vector spaces, laying 
the foundation for further investigation. In the second place, it presents 
some important results needed in generalizing the Arrow-Barankin-Blackwell 
Theorem, paving the way for smooth progression in later chapters. 
There are three sections to this chapter. Section 1.1 defines the basic 
terminology and details the rudimentary properties of cones in real vector 
spaces. Section 1.2 expounds a novel notion concerning how a cone in a 
1 
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real vector space can be enlarged so that certain mathematical arguments 
that involve some forms of separation theorems, in particular the arguments 
frequently occurring in generalizing the Arrow-Barankin-Blackwell Theorem, 
can be proceeded without difficulty. Finally, Section 1.3 introduces various 
kinds of cones to be employed in Chapters 2 and 3. 
1.1 The Fundamentals of Cones 
A partial ordering of a nonempty set is a binary relation defined on 
this set such that the relation is reflexive, transitive, and antisymmetric. 
An expedient way to define a partial ordering in a real vector space is to 
introduce a cone to that space. 
Definition 1.1.1. Let C he a nonempty subset of a real vector space X. 
(a) The set C is called a cone if AC C C, where A is any number in 
0, +00 . 
(b) A cone C is said to be pointed ifCO = {Ox}-
(c) A cone C is said to be generating if X = C — C. 
According to this definition, a cone must contain the origin of the real vector 
space in which it is defined. Hence, the simplest cone in any real vector space 
X is the trivial cone {Ox}-
To define a partial ordering which is useful respect to vector operations 
in a real vector space through the method of introducing a cone to that 
space, the cone under consideration has to be at least convex. The following 
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is a proposition characterizes convex cones in real vector spaces via certain 
algebraic operation concerning these cones. 
Proposition 1.1.2. A cone C in a real vector space X is convex if and only 
ifC-\-CCC. 
Proof. Assume first that the cone C is convex. Since 
1 / I 1 \ 
x + y = 2--{x-\-y) = 2i^-x + -yje2CCC 
for arbitrary points x and y in X , it follows that C + C C C. 
For the converse, notice that tx + (1 - G C + C C C for arbitrary 
points X and y in the cone C and arbitrary number t G [0,1]. Hence, C is 
convex. 口 
A pointed convex cone C in a real vector space X can be utilized to 
determine a partial ordering in X , represented by the symbol ^c , through 
declaring that 
X ^c y if and only iiy — x e C 
for arbitrary points x and y in X. The partial ordering defined in this way 
is also compatible with the vector structure of X in the following sense: 
(a) if X "^c Ox and y )pc Ox, then x-\-y)^c Ox； 
(b) if X Ox and A ^ 0, then Ax Ox-
On the other hand, if is a partial ordering in X which is also compatible 
with the vector structure of X, then the set 
{x E X I X > Ox} 
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is itself a pointed convex cone. Hence, there is a close relationship between 
partial orderings and pointed convex cones in any real vector spaces. Based 
on this observation, the following notion is introduced. 
Definition 1.1.3. A pointed convex cone characterizing the partial ordering 
in a real vector space is called an ordering cone of that real vector space. 
Remark. The formulation in this definition virtually generalizes the usual 
ordering defined in R as the set R+ ：二 [0，+oo[ is a pointed convex cone in 
R, and y for arbitrary numbers x and y in R. 
Any nonempty subset of a real vector space can be employed to generate 
a cone including it. 
Definition 1.1.4. Let A be a nonempty subset of a real vector space. The 
set XA is called the cone generated by the set A. 
Hereafter, the cone generated by a nonempty set A will be symbolized as 
cone (A). The next two examples show the corresponding cones generated by 
some nonempty subsets of real normed spaces. 
Example 1.1.5. ([21], Ex. 4.5(a)) Let {X, || • ||) be a real normed space. 
Then obviously cone(Bx) = X . 
Example 1.1.6. ([21], Ex. 4.5(6)) Let A be the graph of the function f : 
R ^ R defined by 
“ � 工 sin (全），if :r ^ 0; 
f{x)= 
0, iix = 0. 
V 
Then cone(A) = {{x,y) G | \y\ ^ \x\}. 
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With the aid of Definition 1.1.4, the concept of bases of a cone can be 
defined conveniently. 
Definition 1.1.7. A nonempty convex subset Q of a nontrivial cone C in a 
real topological vector space (X, X) is called a base of the cone C if Ox • cl(0) 
and C = cone(O). 
The next proposition reveals that any based cone in a real topological 
vector space can induce a partial ordering in that space. 
Proposition 1.1.8. Any based cone C in a real topological vector space 
[X, T) is convex and pointed. 
Proof. To show the convexity of the cone C with a base 6 , let x and y be two 
arbitrary points in the set C\{Ox}, and let t be any number in the interval 
0，1]; then X = X真 and y 二 XyQy, where A^； and \y are some numbers in 
0, +00[，and and Oy are some points in 0 . Since 
to + (1 - t)y 二 tX礼 + (1 - t)A為 
= 队 + (1 一 队 ) k + —力)A, + + ， 
it follows that 
trr + (1 — t)y G 队 + (1 - C cone(e) = C, 
and thus C is convex. 
Suppose for reductio that the cone C is not pointed; then there exists 
a point :r e (C n (-CO)\{0;5：}. Consequently, x = Ai^i = —X202 for some 
numbers Ai and A2 in ]0, +00[ and some points 9i and 62 in the base 6 . As 
B is convex, 
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which contradicts Definition 1.1.7, and so C must be pointed. • 
To prove the next proposition, a lemma is needed. 
Lemma 1.1.9. ([22], 3.1.1) If C is a cone in a real vector space X such that 
C^ n V is closed for some neighborhood V of Ox, then C is closed. 
Proof. Let x be any point in X\C. Notice first that there exists a number 
A G ]0, +oo[ such that x G int(Ay). As 
/ 1 \ / I \ 
c； n = A • 门 ； = A tC^ n g A((7 门 
\ \ ) / 
and also 
入((：7 门 vo = AC n � n AV, 
it follows that (7 A = \{C A V). Therefore, since A(C fl V) is closed, so is 
C n (AVO. Consequently, the set mt{XV)\{C A AT^ is open. Finally, seeing 
X e int(Ay)\(C n Al/), the set X\C is open. • 
With Lemma 1.1.9, a sufficient condition concerning the closedness of a 
cone in a topological vector space can be stated and proved. 
Proposition 1.1.10. ([22], 3.8.3) A cone C with a closed hounded base O in 
a real Hausdorff topological vector space (X, X) is closed, pointed and convex. 
Proof. Thanks to Proposition 1.1.8, it remains to prove that the based cone 
C is closed. To this end, let B represent the set Ua啡， i ] and let x be any 
point in X\B. What will be shown in the following is that B is closed. Now 
notice first that for any number 入 G [0,1] there exists a neighborhood Ux of 
Ox such that 
(x + [ /A)n(Ae + [/A) = 0. (1) 
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Then, for this number 入，let Vx represent a balanced neighborhood of Ox 
such that Vx + VxQ U\, Since 6 is bounded and Vx is balanced, there exists 
a number G ]0, +oo[ such that aS C Vx whenever |a| ^ Accordingly, 
if jL is any number in the interval [A -、，A + Sx], then - A)6 C Vx, and 
so /i© C A6 + Vx. Therefore, in view of equality (1), 
Or + VA)n/ie = 0 (2) 
whenever A| < A s the interval [0,1] is compact, there exist n numbers 
Ai,入2,…，An in [0，1] such that [0,1] C IJiiPw — 氏，A^  + Si]. Hence, if A 
and V respectively represent the sets IJ^^JAj —氏，Ai + 氏]and HlLi then, 
in view of equality (2)， 
(rr + n 召 ⑶ + � U Ae 
A G A 
二 � （ A e 门（X + n . • • n Or + Vxj ) 
AGA 
= 0 . 
Seeing x + V^  is an open neighborhood containing x, the set X\B is open, 
and so B is closed, as desired. 
To complete this proof, pick a closed neighborhood W of Ox such that 
n g B; then (7 n = 5 n Consequently, n VK is closed, and so 
C itself is also closed by Lemma 1.1.9. • 
To define a partial ordering in the topological dual X* of a real topological 
vector space (X, X), the following definition is needed. 
Definition 1.1.11. Let C be a convex cone in a real topological vector space 
(X, 1). A functional f e X* is said to be positive if / (c ) ^ 0 for any point 
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c G C. The set solely consisting of all positive junctionals on X is called the 
dual cone for the cone C. 
Hereafter, the dual cone for the cone C will be symbolized as C+. According 
to this definition, is obviously a weakly* closed subset of X*. Notice that 
C+ is really a cone in X*, and thus comes its name. To show this, let f 
be any functional in Then for any number A G [0,+oo[ and any point 
c e C, (A/)(c) = A/(c) ^ 0, and so A/ G Indeed, this cone is also 
convex. To verify this, ( / + g){c) = / ( c ) + g{c)》0 for arbitrary functionals 
/ and g in and any point c e C, whence f g G which shows 
that (7+ + C Consequently, by Proposition 1.1.2，this assertion is 
justified. 
However, is not necessarily pointed. The next proposition states a 
sufficient and necessary condition under which this cone is pointed. 
Proposition 1.1.12. The dual cone for a cone C in a real locally convex 
vector space {X, X) is pointed if and only if c\{C — C) = X. 
Proof. Clearly, C+ 门(一(：7+) = {f e X* \ / ( c ) = 0 for any point c e C} ; 
hence, C+ n (-C7+) = {Ox*} if cl(C -C) = X. 
On the other hand, suppose that c l ( C - C ) + X ; then there exists a point 
X G X\c\{C — C). As cl(C — C) is a closed vector subspace of X, there exists 
a functional f E X* such that t 
1, if X = X： 
m = 
0, i f x G c l ( C - C ) . 
\ 
tE.g., q.v. [24], Cor. 2.2.20. 
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Since C C cl(C - C), it follows that / ( c ) 二 0 for any point c G C, whence 
/ e ((7+ 门（—C7+))\{0x*}. Therefore, the cone is not pointed. • 
Conspicuously, if the cone C is generating, then its dual cone C+ must be 
pointed. Having assured the pointedness of a partial ordering in X* can 
be defined by declaring that f 4c+ 9 迁 and only if p - / G C+ for arbitrary 
functionals f and g in X*. 
The following proposition is a useful criterion characterizing the points 
of a convex cone in a real topological vector space with the aid of Definition 
1.1.11. 
Proposition 1.1.13. Suppose that C is a weakly closed convex cone in a 
real topological vector space (X, X) whose topological dual X* separates the 
points of X. Then a point x is in the cone C if and only if f{x) ^ 0 for any 
functional f € . 
Proof. If X is a point in C, then, by Definition 1.1.11, f{x) ^ 0 for any 
functional f € 
Conversely, let x be a point not in C; then there exists a weakly open 
convex neighborhood U of Ox such that (x + C/)门 C 二 0. As a result, there 
are a functional g G (X, a{X, X*))* and a number 7 G M such that 
+ li) < 7 ^ g{c) 
for arbitrary points u eU and cE C. Therefore, seeing Ox G C, 
9{x) <0^ g{c) (1) 
for any point ceC. Since {X,a{X,X*))* = X*, inequality (1) implies that 
geC^. • 
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After discussing how to characterize the points of a convex cone in a 
real topological vector space, the following proposition proceeds further to 
perform the same task for the topological interior points of this cone whenever 
it has a nonempty topological interior. 
Proposition 1.1.14. Let C be a convex cone with a nonempty topological 
interior in a real topological vector space (X, X). Then a point c is in int(C) 
if and only if f{c) > 0 for any functional f G C+\{Ox*}-
Proof. As c e int(C), there exists a number r e]0, +oo[ such that c + rBx G 
C; hence, / ( c - rb) ^ 0 for any functional f G C+\{Ox*} and any point 
b e Bx, which implies that / ( c ) ^ rf(b) for any point b G Bx. Therefore, 
/(c)�rsupb^s^\f{b)\ > 0. 
Conversely, let the symbol c represent a point in the set C\int(C); then 
入3 e C\int(C) for any number A G [0,+oo[. Now let K represent the set 
{Ac I A ^  0}; then K is convex and i^nint(C) = 0. Asa result, by Eidelheit's 
Separation Theorem, there exists a functional g G X* such that 
supp(A:) < inf ^(c), (1) 
whence g G (^+\{0义*}. Since c ^ K, it follows from inequality (1) that 
g[c) ^ 0. On the other hand, notice that c G C, so g{c) ^ 0，and thereby 
9{c) = 0. • 
Recall that if (X，|| • ||) is a normed space the canonical embedding Jx : 
X — X** is given by ( / , Jxip^)) = fix) for any functional f e X* and 
any point x e X. By making use of this mapping any point x e X can 
be identified with a functional Jx{x) G X**. Among these functionals there 
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is a subclass of them which deserves special attention; indeed, Chapter 3 
will show that these functionals are those such t h a t � / , Jx{x)) > 0 for any 
functional f G Hence, to simplify the presentation, it is necessary 
to introduce a special symbol C^ to represent the set 
{ceC\ / ( c ) > 0 for any functional f G 
The next proposition, which is an immediate consequence of Proposition 
1.1.14, shows that in a real normed space the topological interior of a cone 
C can coincide with the set C^. 
Proposition 1.1.15. ([12], Lemma 2.2(b)) Let C be a closed convex cone in 
a real normed space (X, ||. ||). If C has a nonempty topological interior, then 
CP = int(C). 
It should be noted that if C is a nontrivial cone in a real normed space, 
then, as to be shown by the following example, the set C^ can be nonempty 
even though int(C) is empty. 
Example 1.1.16. [12] Let C be the nonnegative orthant of the real Banach 
space 1}, i.e., the set {x e \ x = (x^), ^ 0 for any number n G 
Then int(C) is empty, whereas C^ is nonempty. Indeed, it is easy to see that 
= {x G I X = {XN), XN> 0 for any number n G Z+}. 
If C is a cone in a real locally convex vector space, the next proposition 
shows that whether the dual cone C7+ has a weakly* closed base depends on 
the state of the set C^. 
Proposition 1.1.17. Let C be a convex cone in a real locally convex vector 
space (X, T). Then the set CP is nonempty if and only if the dual cone C^ 
for C has a weakly* closed base. 
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Proof. Suppose first that the set C^ is nonempty, and let c be a point in 
this set. Now designate the set { / G C+\{Ox*} | / ( c ) 二 1} as then 0 is 
nonempty. Moreover, it is a weakly* closed base of the dual cone C+. To 
verify this, notice that O is clearly weakly* closed and convex. Now let g 
be any functional in the set C+\{Ox*}； then g{c) > 0. As g = ^g and 
^g G 6 , O is really a base for C+. 
Conversely, let 6 be a weakly* closed base for the dual cone Since 
{Ox*} n © = 0, there exists a functional x G {X*, cr{X*, X))* such that 
^(0x0 < in fx ( / ) , /ee 
and so > 0. Since, for any functional h G there exist 
a number A € ]0, +oo[ and a functional I G 6 such that h = XI, it follows 
that 
x{h) = x{Xl) = Xx{l) > 0. (1) 
Finally, as {X,a{X*,X))* = {X, T), inequality (1) implies that x can be 
identified with a point of the set C^. • 
Furthermore, if a cone has a nonempty topological interior, then its dual 
cone can have a weakly* compact base in certain settings. To show this 
assertion, the following lemma, whose proof can be found on p. 21 of [7], is 
needed. 
Lemma 1.1.18. Let U he a neighborhood of Ox in a Hausdorff topological 
vector space (X, X). Then the set 
{f eX* \ f { u ) � - 1 for any point u^U} 
is weakly* compact. 
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Proposition 1.1.19. Let C he a convex cone with a nonempty topological 
interior in a real Hausdorff locally convex vector space {X, X). Then the dual 
cone (7+ has a weakly* compact base. 
Proof. Pick a point c from int(C) and construct the set { / G C"^  | / ( c ) = 1}, 
which is represented by O; then 6 is clearly a base for the dual cone C+. 
Since C — c is a neighborhood of Ox*, by Lemma 1.1.18, the set 
{f eX* \ f i x ) � - 1 for any point xeC-c], 
represented by P, is weakly* compact. Now notice that for any functional 
p e e , 
g{x) = g{c -c) = g{c) - 1 ^ - 1 
for any point x E C — c^ where c is a point in C such that x = c — c. 
Therefore, 9 is a weakly* closed subset of the set P, which implies that 0 
is also weakly* compact. • 
In the following an important subset of the dual cone for a cone C is 
introduced. The elements of this set play a significant role in the theory of 
vector optimization, particularly in generalizations of the Arrow-Barankin-
Blackwell Theorem. 
Definition 1.1.20. Let C7+ be the dual cone for a cone C in a real topological 
vector space (X, X). A functional f e X* is said to be strictly positive if 
/ (c ) > 0 for any point c G C\{Ox}. The set solely consisting of all strictly 
positive functionals on X is called the quasi-interior of the dual cone 
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This set will be hereafter symbolized as 
Generally speaking, if is the dual cone for a cone C, then does 
not necessarily identical to int(C+). The following is an example illustrating 
this fact. 
Example 1.1.21. ([34], Ex. 2.1) Let A be a nonempty, bounded, closed, 
convex subset of a real Banach space (X，|| • ||). If A is not weakly compact, 
then, by James's Weak Compactness Theorem, there exists a functional f e 
such that the value i n f a e x / � is not attained. Now designate 
this quantity as r, and pick a point x e X such that f{x) = s, where s 0. 
Since f (^x) = r, the point ^x is not in the set A. Let © represent the set 
A - -X. Notice first that Ox ^ B and 
S 
f ( S ) < / � (1) 
for any point a e A. Moreover, it is easy to see that 
i n f / W = 0. (2) 
Next consider the cone generated by 0 , which is represented by C. If c is 
an arbitrary point in the set C\{Ox}, then c = X{a-^x) for some number 
A G ]0, +00[ and some point a e A. Accordingly, in view of inequality 
(1)，/(c) = A ( / (a) - f (^x)) > 0, which shows that f G However, 
/ • int(C+). To see this, suppose for reductio that this is not the case; then 
there exists a number e G ]0, +00[ such that f + eBx* C C+. Now observe 
that if c is any point in C\{Ox}, then, by the Hahn-Banach Theorem, there 
exists a functional FC G X* such that ||/c|| = 1 and /c(c) 二 — ||c||. Hence, 
/ (c ) + e / c ( c ) � 0 , or equivalently / (c ) ^ e||c||. As a result, /(没）^ e||没|| for 
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any point 6> G 6 . Thus, if <9 G 6 , then / ( (9 )�e in f^ge > 0, and so 
M八…>0， 
which contradicts equality (2). 
The next example demonstrates the fact revealed by the preceding one 
further in a concrete setting. 
Example 1.1.22. [34] Let C be the nonnegative orthant of the real Banach 
space 1}. Define a functional / : M by declaring that 
+00 
/ ⑷ 务 , 
i = l ^ 
where x := (xi) is any point in l^; then f is obviously a functional in the 
set but f is not in the set int(C+). To verify this, notice that for any 
number e G ]0, +oo[, there exists a number n G Z+ such that 去 < e. Now 
let fe represent the functional�1,臺,去，…，去,——^r^，•'')• Then 
t — te = sup —— = — < e, 
yet /e i 
It should be noted that int(C+) is indeed nonempty. For instance, the 
functional 夕：/丄—R given by 
+00 
i = l 
for any point x := (x^) in 1} is in int((7+), as any functional h e lies in 
(7+ once \\g — h\\ < 1. 
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Remark. In fact, if the quasi-interior of the dual cone for a cone C in 
a real topological vector space is nonempty, then 
int(C+) C inta(C+) C 
where the symbol inta(C^+) represents the algebraic interior of the dual cone 
C+ for C. 
Contrasting with the phenomenon illuminated just now, the topological 
closure of the quasi-interior of a dual cone can coincide with this dual cone. 
Proposition 1.1.23. ([19], Lemma 2.1) Let C be a pointed convex cone in a 
real normed space {X, || • ||) such that the quasi-interior of the dual cone 
C7+ is nonempty. Then cl(C7+” = 
Proof. It is clear that C Since the dual cone C+ is weakly* closed, 
it is closed; hence, 
cl(C+” C cl(C+) = 
To show the reverse inclusion, let f be an arbitrary functional in the dual 
cone Now pick a functional g e C+�and, for each number n G 
define a functional hn by letting hn = f + ^g] then h^ G Now as 
l i m 11/ — hn\\ = l i m 丄 | | " | | = 0， 
n—+00 n—+00 Tl 
it follows that f e cl(C+0. • 
Any strictly positive functional on a real topological vector space can be 
employed to construct a base for a cone defined in this space by the method 
shown in the next proposition, whose proof is straightforward. 
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Proposition 1.1.24. Let C he a nontrivial convex cone defined in a real 
topological vector space (X, X) such that the quasi-interior C"^ ^ of its dual cone 
is nonempty. Then for any functional f G the set {c e C \ / ( c ) = 1} is 
a base for the cone C. 
In the following a useful result due to Klee is stated and proved. It 
will be employed in Section 1.3 to characterize Bishop-Phelps cones in finite 
dimensional real normed spaces. Focusing on locally compact cones in real 
HausdorfF locally convex vector spaces, this proposition gives a necessary and 
sufficient condition for such cones to have compact bases. Before proceeding 
any further, it is convenient to state a lemma concerning these cones. 
Lemma 1.1.25. ([22], 3.12.1) Let C he a convex cone in a real topological 
vector space {X, X). Then C is locally compact if and only if the set C nU 
is compact for some neighborhood U ofOx-
Proof. Notice first that Ox € C. Therefore, if the cone C is locally compact, 
then there exists a neighborhood U of Ox such that the set 0叉 + ((7 门[/) is 
compact. 
Conversely, suppose that the set Cn V^  is compact for some neighborhood 
V of Ox- Now let c be any point in the cone C; then there exists a number 
Ac G ]0, +oo[ such that c G int(AcF). As (7 n AcV" = Xc{C n C^  n (；^^) is 
a compact neighborhood of the point c with respect to the relative topology 
of C. • 
Proposition 1.1.26. (Klee, [22], 3.12.8) Let C be a pointed convex cone 
in a real Hausdorff locally convex vector space (X, X). Then the following 
statements are equivalent. 
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(a) C is locally compact. 
(h) There exists a functional f e C+ such that the set {c e C \ / ( c ) ^ 1} 
is compact. 
(c) C has a compact base. 
Proof. To prove that (a) (6)，notice first that, by Lemma 1.1.25, the set 
C n U is compact for some convex balanced neighborhood U of Ox- Let 
the symbol C represent the set (C A � ) \ V , where V is an open, convex, 
balanced neighborhood of Ox such that V C cl(y) C U； then C is nonempty 
and compact. Since cl(co(C)) is a closed subset of C fl f/, it is also compact. 
As the cone C is pointed, the set C\{Ox} is convex, which means that Ox 
is an extreme point of C, and a fortiori an extreme point of cl(co(C)). If 
Ox G cl(co(C)), then it would follow from Milman's Theorem that Ox G C, 
which is, however, impossible; thus, Ox 车 cl(co(C)). Consequently, there 
exists a functional g G X* such that 
mi{g{x) I :r G cl(co(C))} > 0, 
which implies that 
inf{/(rr) | x G cl(co(C))} ^ 1 (1) 
for some functional f E X*. 
Now let c be any point in the set C\U. Seeing the neighborhood U of 
Ox is absorbing, there exists a number fi G ]0, +oo[ such that fic G U\V. 
Since Ac G C\U for any number A G [l,+oo[，/I G ]0,1[. Consequently, by 
inequality (1), / ( " c ) � 1 , whence / ( c ) � 么〉 1 , and thereby 
{ceC\ f{c) o } g � ^ / . 
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Hence, the set {c e C \ / ( c ) ^ 1} is compact. Finally, observe that for any 
point c e C\{Ox} there exists a number rj G]0, +OO[ such that rjc G C, so, by 
inequality (1) again, f{rjc)�1，whence / ( c ) > 0, which shows that f G C+� 
and thus f G 
To prove that (6)�（c)， let / be a functional in C+ satisfying all the 
conditions prescribed in (2); then the set {c G C | / ( c ) 二 1}, represented 
by ©, is a compact base for the cone C, To verify this, notice first that 0 
is a closed subset of {c G C | / ( c ) ^ 1}, and so it is compact. Now let c 
be a point in the set {c G C | / ( c ) == 0}，which is represented by C; then 
A A 
Ac G C for any number A G ]0, +oo[. Therefore, c = Ox； otherwise, the set C 
would be unbounded, which is impossible as C C {c 6 C | / ( c ) ^ 1}. Since 
/ E C+, the preceding argument shows that f G Thus, 6 is a base for 
the cone C by Proposition 1.1.24. 
To prove that (c) (a), let 6 be a compact base for the cone C; then 
Ox ^ B. Hence, there exists a closed, convex, balanced neighborhood W of � � 
Ox such that ！^门© = 0. Let H represent the set |J[o’i]亡then H is compact 
as it is the image of the set [0,1] x 0 under the continuous function h given 
by h{t,x) 二 tx for any number t eR and any point x e X. Now suppose 
that X is a point in the set C^  A Since x e W, jx e W for any number 
t e [1, +oo[ as is balanced, and thereby x ^tQ for any such number t. On 
the other hand, since x e C and 0 is a base for C, the preceding argument 
shows that x e H. Therefore, n VK 二 i/，which implies that C^  n VK is 
compact. Consequently, the cone C is locally compact by Lemma 1.1.25. • 
It should be noted that the quasi-interior of the dual cone for a cone can 
be empty, which is going to be shown by the following example. 
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Example 1.1.27. ([27], 3.7) Consider the real Riesz space B[a, b] consisting 
of all bounded real-valued functions on the interval [a, b], where a < b. Let 
C be the cone 
{/ G B[a, b] I f i f j � 0 for any number t e [a, 6]}; 
then its quasi-interior C7+� is empty. To verify this, let be any positive linear 
functional on B[a, b], and let I^； be the characteristic function of the singleton 
{x}, where x is any point in R. Since I[a,&] - J^Li I而 G C if xi, • • • ,Xn are n 
distinct points in [a, b], where l[a,b] is the characteristic function of the interval 
a, 6], it follows that tp (I[a’&]) ^ 论 工 J . Consequently, if m and n are 
arbitrary numbers in then 
/ m \ m 
^ (I[a,6]) = � 
V # L 
i=l / i=l 
where xi, • • • ,Xm are m distinct points in [a, h] such that VK^eJ > \ for 
i = 1 , …，m ; hence, the set {x G [a, b] | 妙(1工）> is finite for any number 
n e Z+. Seeing 
{x e [a, b] I 妙(I：,) > 0} = IJ G [a, b] ip (1无）> , 
n = l L J 
card({a: G [a,b] | V^ IaO > •}) < ^o, and so card({x G [a, 6] | "ip (Ix) ^ 0 } ) = 
2彻.Therefore, the linear functional xp is not strictly positive. 
In the theory of vector optimization it is crucial to ascertain that the 
quasi-interior of the dual cone for a cone is nonempty. The importance of 
such a guarantee is particularly remarkable in generalizations of the Arrow-
Bar ankin-Blackwell Theorem. Indeed, Chapter 2 will show that it is nonsense 
to consider this theorem if the quasi-interior of the dual cone for the cone in 
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question is empty. Because of this reason, conditions under which this set is 
nonempty deserves special attention. The next proposition, which is due to 
Dauer and Gallagher, is one of such results. 
Proposition 1.1.28. ([6], Prop. 2.1) Let C he a convex cone defined in a 
real topological vector space {X, X). Then the quasi-interior C+t of its dual 
cone is nonempty if and only if there exists an open convex subset U of X 
such that 
(a) Ox ^ U, and 
(b) CC cone(C/). 
Proof. If the set C"^ ^ is nonempty, then pick a functional f from it and let U 
represent the set {x e X \ f{x) > 0}. Then U is obviously an open convex 
subset of X satisfying conditions (a) and (6). 
Conversely, suppose that V is an open convex subset of X satisfying 
conditions (a) and (6). Accordingly, by condition (a), there exists a functional 
g G X* such that 
giy) > g{^x) = 0 (1) 
for any point v eV. Since, by condition (6), any point c G C\{Ox} can be 
represented as Xv for some number A E ]0,+oo[ and some point v € it 
follows from inequality (1) that g{c) = Xg{v) > 0, and thereby g G • 
The following proposition shows that in a real Hausdorff locally convex 
vector space the quasi-interior of the dual cone for a based cone must be 
nonempty. 
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Proposition 1.1.29. Let C be a convex cone in a real Hausdorff locally 
convex vector space {X, X). Then C is based if and only if its dual cone 
has a nonempty quasi-interior . 
Proof. If C+i is nonempty, then pick a functional f from it and construct 
the set {ceC \ / ( c ) == 1}. It follows from Proposition 1.1.24 that this set is 
a base for C. 
Conversely, let © be a base for the cone C. Since Ox 朱 cl(6), there 
exists an open convex neighborhood U of Ox such that Ox ^ O U. Seeing 
0 -h satisfies conditions (a) and (6) in Proposition 1.1.28, the set is 
nonempty. 口 
1.2 Enlargements of a Cone 
The idea of enlarging a cone, a figurative way to express the notion to be 
introduced in this section, originates from Ng and Zheng [25]. It is mainly 
applied in generalizing the Arrow-Barankin-Blackwell Theorem to general 
normed spaces. 
Definition 1.2.1. Let C he a closed, pointed, convex cone in a real normed 
space (X, II • II)，and let 1 be a locally convex topology on X coarser or equal 
to the norm topology such that each compact subset of X is hounded. A 
sequence {Cn)nez+ of ^-closed, pointed, convex cones in X is called a X-
enlargement of the cone C if 
(a) C\{Ox} Q int(Cn) for each number n G Z'^, and 
Chapter 1. Cones in Real Vector Spaces 23 
(b) limn—+oodist(Cn，CO = 0，where {cn)n£Z+ any hounded sequence with 
Cn G Cn for each number n e Z'^. 
The following lemma is useful in constructing an enlargement of a cone 
in a real normed space. 
Lemma 1.2.2. ([35], Lemma 3.1) If C is a closed cone with a closed base O 
in a real normed space (X, || . ||)； then 
cl(cone(0 + v^x)) = cone(cl(0 + rjBx)) 
for any number rj G ]0, ^ [； where 6 represents the number inf^^e . 
Proof. For brevity's sake, the set 0 + rjBx is represented by the symbol 
in the following. To prove this assertion, notice first that 
cl(cone(cl(e”))）= cl(cone(0^)). (1) 
Indeed, the inclusion cl(cone(0^)) C cl(cone(cl(0,；))) is apparent, as it is 
easy to see that cone(0”）C cone(cl(©”)). For the reverse inclusion, let x 
be an arbitrary point in the set cone(cl(0^)); then x == Xy for some number 
A G [0,+oo[ and some point y G cl(e”). Thus, there exists a sequence 
{yn)nez+ in the set Q” converging to y. Consequently, the sequence (Ayn)nez+ 
converges to the point Xy, and so x e cl(cone(©”)). Hence, cone(cl(0”)）C 
cl(cone(G)”))，which means that cl(cone(cl(6”))）C cl(cone(€)”)). 
Let X be an arbitrary point in then x = ^ + 776 for some points ^ G 6 
and b € Bx. Since 
\x\\�ll^ll - 77II6II�6 - rj > Q, 
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inix^Sr, 11 到丨 > 0, and thereby 朱 cl(G)”). Now let the symbol L(cl(0”)） 
represent the subset of X such that any point belonging to it is the limit of 
a sequence (tn^n)nGZ+, where (^ n)nGZ+ is a sequence in c[{Qr]) and {tn)nez+ 
is a sequence in [0，+oo[ with liiiin—+oo 亡n = 0. Then it can be readily seen 
that cone(cl(e,,)) U L(cl(0”)) C cl(cone(cl(G)”))). On the other hand, let x 
be an arbitrary point in the set cl(cone(cl(G)”)))； then there exists a sequence 
{tnOn)n€Z+ such that tnOji X as u ^ +00, where {tn)nez+ is a sequence 
in [0, +oo[ and {On)nez+ is a sequence in cl(G)”). Moreover, the sequence 
{tn)nez+ is bounded. To show this, suppose for reductio that this is false; 
then, by picking a subsequence if necessary, it may be assumed without loss 
of generality that 去二 0. Accordingly, n^ ^ Ox as n +oo, which 
entails a contradiction that Ox G cl(G)巧).Therefore, it may be assumed that 
there exists a number t e R such that limn—+oo tn 二 t. If f = 0, then x 
is automatically in the set Z/(cl(Q”)). If f — 0, then f G cl(Q”) as 
n +00, and thus x G cone(cl(€)”)). So in conclusion, 
cl(cone(cl(e"))) = cone(cl(e”)）U L(cl(0^)). (2) 
As the cone C is closed, 
L(0) C C C cone(cl(e”))， （3) 
where L(©) represents the subset of X such that any point belonging to 
it is the limit of a sequence (tn没n)nez+, with (On)nez+ being a sequence in 
6 and (tn)nGZ+ being a sequence in [0, +oo[ such that linin^+oo tn = 0. In 
addition, it is true that L(0) = L(cl(6^)). To prove this, notice first that 
L(0) C L(cl(Qrf)). On the other hand, let x be any point in L(cl(6^)). Since 
L(cl(e”)) = L(Orj), there exists a sequence {tjfin + “� ) )nez+ converging to 
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the point x such that linin^+oo tn = 0, where {On + rjbn)nez+ is a sequence in 
Q+rjBx and (tn)nGZ+ is a sequence in [0，+oo[. Consequently, for any number 
e e ]0, +oo[, there exists a number n G Z+ such that \\x - tn{On + < f 
and tn < ^ whenever n > n. Therefore, 
e e e 
一 tnOnW《- tn(fin + + 尔n n^ < ; + "亡几 < 5 + 3 二 亡 
once n � n , which implies that x € L(6) , as desired. It then follows from 
equality (2) and statement (3) that 
cl(cone(cl(€g)) = cone(cl(e^)) U L(0) = cone(cl(0^)). 
Finally, in view of equality (1), cone(cl(Q”)）二 cl(cone(©”)). • 
Now it is time to provide some concrete examples to illustrate how to 
construct an enlargement for a given cone in a real normed space {X, || • ||). 
For the sake of convenience, if the topology concerned is the weak topology 
a{X,X*), then the corresponding enlargement for a cone will be called its 
weak-enlargement； if the topology concerned is the weak* topology (T{X*, X), 
then the corresponding enlargement for a cone will be called its weak*-
enlargement. 
Example 1.2.3. ([25], Ex. 2.1) Let C be a closed convex cone with a closed 
base 0 in a real normed space {X, || • ||), and let 6 represent the positive real 
number inf^ ^e ||没II. If for each number n G the symbol Cn is used to 
represent the set 
/ / 1 \\ 
cl cone 6 H 二 Bx , 
V V ^ + ^ ) ) 
where n := + 1，then the sequence (Cn)n€Z+ is a weak-enlargement of C. 
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Indeed, it is clear that every weakly compact subset of X is bounded. In 
addition, as each cone (G + ； i s convex by Proposition 1.1.8, each Cn, 
which is obviously a cone, is also convex. Therefore, it is weakly closed by 
Mazur's Theorem. Now notice that G C 0 + Q Cn for each number 
n e so G C int(Cn). Consequently, 
C\{Ox} = IJ AG C IJ Aiiit(Cn) = IJ int(ACn) C int(Cn). 
A〉0 A>0 A>0 
Since cl (6 + is a base for every cone Cn by Proposition 1.2.2, an 
application of Proposition 1.1.8 shows that Cn is pointed. 
Finally, it remains to show that limn—+oo dist(cn, C) = 0 for any bounded 
sequence {cn)nez+ with Cn € Cn for each number n G Z+. In view of the 
definition of Cn, Cn = t^ {On + ；^知）+ iVn for some number t^ in [0, +oo[, 
some points 6n in 6 , and Xn and yn in Bx. Therefore, 
1 — I 
Cfi ^ tfi ^n H ；”- ^ n 
n + n n 
( l _ \ _ 1 
^ tji ^n ；―“- n^ 
\ n + n ) n 
^kU---
\ n-\-n J n / 1\ 1 ^ tn 0 —— . 
\ n) n 
On the other hand, since the sequence (Cn)nez+ is bounded, there exists a 
number M e ]0, +oo[ such that ||c„|| ^ M for each number n G Hence, 
, ^ + ^ M + 1 
n n 
which means that the sequence (tn)n€Z+ is bounded. Now, as 
tn 1 1 / M + 1 1 � 
dist(Cn，C) ^ Cn - tn6n ^ — Xn + — 2/n《一 " 7 T + ^ ， ^ n n n\6-^ / 
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it follows that limn—+oo dist(cn, C) = 0. 
Example 1.2.4. ([25], Ex. 2.2) Let C be a closed convex cone in a real 
Banach space (X, || • ||), and let be its dual cone in X* possessing a 
weakly* closed base 6 such that, without loss of generality, the real number 
6 := inieee II没II�1. If for each number n G Z+ the symbol C+(n) is used to 
represent the set 
/ 1 \ 
cone 0 H :Bx* , 
V n + n / 
where n := + 2, then the sequence 妬 i s a weak*-enlargement 
of the cone C+. 
Indeed, it is well known that a subset of X* is bounded if and only if it 
is weakly* bounded provided that (X, || • ||) is a Banach space. Hence, any 
weakly* compact subset of X* is bounded, for it itself is weakly* bounded. 
Moreover, C^+(n) is a pointed convex cone for each number n e Now, 
by using an argument resembling that of Example 1.2.3，it can be seen 
that C int(C+(n)), and that linin一+oo dist(Cn, C+) 二 0 for any 
bounded sequence (cn)n€Z+ with c^ G C+(n) for each number n e Z+. 
According to Definition 1.2.1, what remains to be shown is that each 
C+(n) is weakly* closed. Thanks to the Krein-Smulian Theorem, it suffices 
to prove that each C+(n)ntBx* is weakly* closed for any number t €]0, +oo . 
Now let ^^  be a point of the set w*-c\{C+{n)ntBx*), where t is a fixed number 
in ]0, +00[； then there exists a net {ga)aa in the set C+(n) n iBx* such that 
g^ ^ g. Obviously, g G iBx*- On the other hand, by the definition of 
ga = toe [Oot + ； f o r some number t^ G ]0, +oo[ and some points 
6a e S and G Bx*. As the Banach-Alaoglu Theorem shows that Bx* 
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is weakly* compact, via picking a subnet if necessary, it may be assumed 
without loss of generality that ba ^ b for some point b G Bx*. Notice that 
any point / G 6 + ；^召x* can be expressed as 9f + ； f o r some points 
Of eS and bf G Bx*, whence 
1 1 1 
f = + ——-bf > 1 r > 1 - - > 0. 
j n + n n-\-n n 
Therefore, the real number s ：二 inf{||/|| | / G 9 + > 0. Since 
1 — -
ta 没a H -^ba == Qa 《亡， 
n + n 
it follows that 
and thus the net {ta)aei is bounded. Consequently, it may be assumed 
without loss of generality that the net {ta)aei converges to some number 
i e [0,+oo[. If t = 0, then 
taOa =9a- ^ g e C C+(n). n + n 
If f > 0, then 
“ 1 1 , w* I 1 ^ ^ 
Oa = —9a —ba — 了P — — ^ 
ta n + n t n + n 
Hence, if the po in t�g - ； i s represented by 6, then 
g 二 € C+(n). 
V n~\~n J 
In conclusion, g G C+(n) A iBx*. 
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1.3 Special Cones in Real Vector Spaces 
This section introduces several kinds of cones utilized in generalizing the 
Arrow-Barankin-Blackwell Theorem: positive cones, Bishop-Phelps cones, 
quasi-Bishop-Phelps cones, quasi*-Bishop-Phelps cones and Gallagher-Saleh 
D-cones. Their influence on the applicability of different generalized forms 
of the Arrow-Barankin-Blackwell Theorem will be manifested in Chapters 2 
and 3. It should be noted that the classification of the cones to be introduced 
in this section is not in such a way that a cone subsumed under a particular 
category does not fall into other categories listed here. In addition, the 
classification here is by no means exhaustive; indeed, there exist cones which 
do not belong to any category mentioned here. 
1.3.1 Positive Cones 
Positive cones are a kind of cones that appears frequently in the theory 
of vector optimization. 
Definition 1.3.1.1. Let X be a partially ordered real vector space with a 
partial ordering The cone {x eX \ Ox} is called the positive cone 
ofX. 
It is immediate from this definition that any positive cone is pointed and 
convex. 
Example 1.3.1.2. The followings are some positive cones which frequently 
occur in applications. 
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(a) The nonnegative orthant of W ,^ i.e., the set 
e IT" I a: = (:ri，. • •，a:力...，ojn)，r^ j > 0 for j = 1，. •.，n}， 
is a positive cone of W . This cone is usually called the natural ordering 
cone of R打.The quasi-interior of its dual cone is nonempty; indeed, it 
is the set 
{rr G � I rr = ( x i , … , rr )^, X j � 0 for j = 1,…，n}, 
which is also the topological interior of the dual cone concerned. 
(6) Let p be any number in [l,+oo]. The nonnegative orthant of F, i.e., 
the set 
{x eF \ x = {xj), Xj ^ 0 for each number j G 
is a positive cone of P. This cone is also called the natural ordering 
cone of P, The quasi-interior of its dual cone is nonempty; indeed, it 
is the set 
{x el"^ \ x = {xj), Xj > 0 for each number j E 
where ^ + 念==1. 
(c) Let p be any number in [l,+oo], Q a nonempty set, “ a measure on 
a cr-algebra E of /i-measurable subsets of Q such that then E,/i) is 
a (T-finite measure space. The nonnegative orthant of S, ")，i.e., 
the set 
{ / G S, //) I / is nonnegative /i-a.e. on f^}, 
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is a positive cone of S,//). The quasi-interior of its dual cone is 
nonempty. To see this, notice first that if p is a function in S, /i), 
where ^ + ^ = 1, then the functional Fg given by 
Fg{f) = [ fgdfi, 
JQ 
where f is any function in is in ("(Q，E,/i))*. To show 
that the quasi-interior of the dual cone of the positive cone concerned 
is nonempty, consider the set 
{Fg G I g G LVf2,S,")，g is positive /i-a.e. on Q}, 
which is represented by D., then D is a nonempty set contained in the 
corresponding quasi-interior. Indeed, for the cases p = 1 or / i � < 
+00，simply let g{uj) = 1 for any element uj e fl. In this way, g 
satisfies all the conditions prescribed in the definition of D, and so D is 
nonempty. For the remaining case, i.e., p ^ l and ii{Q) = +oo, notice 
first that as the measure jj. is o"-fiiiite, the set Q can be represented 
as Uiez+ 队,where 0 < < +oo for each number i 6 and 
Qi n Qj = (9 whenever i ^ j. li g -M-^R is defined by letting 
/ 1 \ i 
= ( ^ 2 條 ) + 1)) 
for any point uj G Qi, where i is a number in Z+, then g satisfies all the 
conditions required, which means that D is also nonempty in this case. 
Recall that a normed Riesz space (X, || • ||) is a Riesz space (X, 4 ) 
equipped with a Riesz norm ||. || such that ||x|| ^ ||y|| whenever \x\ ^ \y\ for 
any points x and y in X, where is a partial ordering defined on X. The 
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following proposition shows that certain properties of the positive cone in a 
normed Riesz space entail some characteristics of this space. 
Proposition 1.3.1.3. ([6], Thm. 3.1) Let C be the positive cone of a real 
normed Riesz space (X, || . ||). 
(a) If C has a compact base, then (X, <，|| . ||) is finite dimensional 
(b) If C has a weakly compact base, then (X, || . ||) is reflexive. 
Proof. To prove statement (a), it suffices to show that Bx is compact; while 
to prove statement (6), it suffices to show that Bx is weakly compact. Now 
let 0 be a compact (resp. weakly compact) base for C; then there exist 
two numbers m and M in ]0，+oo[ such that m ^ ^ M for any point 
0 G 6 . Next consider the set {c G C | ||c|| ^ M} , which is represented by 
the symbol Cm； then CM is a closed convex subset of C. Indeed, this set is 
also compact (resp. weakly compact). To show this, notice first that for any 
point CM e CM, there exist a number A E [0, +oo[ and a point 6 E Q such 
that CM = A .^ Hence, \\CM\\ = ||A<9|| < M, and thereby 
M M 
0 m 
Consequently, CM C [0,普]x 6, which implies that CM is compact (resp. 
weakly compact), and so is the set CM — CM' 
Since any point x e X can be uniquely expressed in the form - x" , 
and max{||:r+||，||ar||} ^ ||x|| < M for any point x G 5m(0x), it follows 
that BM{OX) Q C M - CM. A S the set CM _ CM is compact (resp. weakly 
compact), so is 5m(0x)- Accordingly, Bx is also compact (resp. weakly 
compact). 口 
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Since the real normed Riesz spaces " ， c q , and C[a, b] are not 
reflexive, the coming corollary follows immediately from 1.3.1.3. 
Corollary 1.3.1.4. ([6], Cor. 3.2) The nonnegative orthants of real normed 
Riesz spaces l!, Cq, and C[a, b] do not have weakly compact bases. 
Actually, the converse of Proposition 1.3.1.3(a) is also true. 
Corollary 1.3.1.5. If {X, ||. ||) is a finite dimensional partially ordered real 
normed space, then its positive cone C has a compact base provided that C 
is closed. 
Proof. Let 0 represent the set {c e C \ ||c|| 二 1}; then 9 is a closed bounded 
base for C. Since X is finite dimensional, 0 is compact. • 
Remark. If (X, || • ||) itself is also a Riesz space, then its positive cone 
is automatically closed. Therefore, by Corollary 1.3.1.5, this cone has a 
compact base. 
However, the converse of Proposition 1.3.1.3(6) is false. To see this, a 
proposition due to Johnson is needed. 
Proposition 1.3.1.6. ([6], Prop. 3.3) Let C he a convex cone in a real 
normed space {X, || • ||)； and let {cn)nez+ be a sequence in C. Suppose that 
there exists a number m G ]0,+oo[ such that \\cn\\ ^ m for each number 
n G Z+，and also that Cn ^  Ox O'S n ^ +oo; then C does not have a 
hounded base. 
Proof. Suppose for reductio that C has a bounded base 6 ; then there exists 
a number M G ]0, +oo[ such that 丨|<9|| ^ M for any point ^ G 0. Moreover, 
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each Cn can be expressed as for some number An G ]0, +oo[ and some 
point 6n G 6 . Consequently, for each number n G Z+, 





Since c^ ^ Ox as n —> +oo, 
lim = lim + | / ( c � 二 0 
n—>+oo n一+00 An 
for any functional f e X*, which shows that (9几二 0义 as n — +oo. Hence, 
as e is convex by Definition 1.1.7, Ox G w-cl(e) = cl(0), a contradiction 
that completes the proof. • 
The next two corollaries show that certain positive cones of some common 
real normed Riesz spaces are not weakly compact. 
Corollary 1.3.1.7. ([6], Cor. 3.4) The nonnegative orthant of the Banach 
lattice IP, where p is any number in ]l,+oo[，does not have a hounded base. 
Proof. Let {e” | n G Z+} be the standard basis of i.e., ==�(5^)〉，where 
S � = 0 if m # n and 石t) = 1 if m = n. It then follows that (en)nGZ+ is 
a sequence, which lies in the nonnegative orthant, weakly converging to 
Since 
/ +00 \ p 
=1， 
\m=l / 
Proposition 1.3.1.6 shows that the nonnegative orthant does not have a 
bounded base. 口 
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Corollary 1.3.1.8. ([6], Cor. 3.5) Let m he the a-algebra of all Lebesgue 
measurable subsets of R, and let n be the Lebesgue measure defined on M. 
Then the nonnegative orthant of the Banach lattice LP{R,m,fi), where p is 
any number in ]1, +oo [，does not have a hounded base. 
Proof. Represent R in the form Un^i In, in which {In)nez+ is a family of 
disjoint bounded intervals in R such that each In is of unit measure. Next, 
for each number n G Z+, define a function Xn-^^ {0,1} by letting 
1, if X G In] 
Xn(00)= 
0, if X ^ In-
\ 
In this way, 
IXnII '= ( f IXnR/x) P = fl{In) = 1-
\JR J 
Now observe that, by the Riesz Representation Theorem, any functional 
F G frrt, /i))* can be identified with a function g G ")，where 
q = such that 
F{f) = [ fgdii 
JR 
for any function f G I /^ (R， / / ) ; and that for any number e G]0, +OO[，there 
exists another function g^ G M, /jl) with a compact support, represented 
by the symbol supp(pe)，such that 
JR 
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Consequently, with the aid of Holder's Inequality, 
F{Xn)\ = / knSic?" 
JR 
^ / \Xn{9 - 9e)\dfl + / \Xn9e\dfJ^ 
JR JR 
‘（[Ixnr 一 ‘ ( [ I" — 9e\'dfi) ‘ + [ \ge\dfi 
\JR / \JR / J In 
<e+ / \ge\dfi 
Jin 
for each function Xn. As there exists a number n G Z+ such that 
supp(pe)门 /n = 0 
whenever n > n, 
lim \F{xn)\ < e + lim / \ge\diJ, = e. 
n^+oo n^+oo J 
Since the number e is arbitrary, the argument above shows that 
lim F{xn) = 0 
n—>+oo 
for any functional F G L乂R,肌，")，and thereby Xn 一 0义 as n — +oo. 
Finally, as 
(Xn)n€Z+ is a sequeiice in the nonnegative orthant of " ( R , QJl,")， 
the result of this corollary follows immediately from Proposition 1.3.1.6. • 
1.3.2 Bishop-Phelps Cones 
The notion of Bishop-Phelps cones, as seen from its name, was introduced 
by Bishop and Phelps [3] for the purpose of studying the support functionals 
and support points of a convex set in a normed space. Further applications 
of these cones in Banach spaces was exploited by Phelps [30]. Later Jahn 
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19] generalized the Arrow-Barankin-Blackwell Theorem to the setting of a 
real normed space partially ordered by a Bishop-Phelps cone. 
Definition 1.3.2.1. A cone C in a real normed space {X, || . ||) is called a 
Bishop-Phelps cone if there exist a number a G ]0，1] and a functional 
f G Sx* such that 
二 {:r G X I a||x|| ^ / ( x ) } . 
From this definition，any Bishop-Phelps cone C is obviously closed, pointed 
and convex. Moreover, if C is nontrivial, then the set {c G C | / ( c ) = 1} is 
a closed bounded base for C. 
In order to study Bishop-Phelps cones defined with respect to different 
norms in a unified approach, it is convenient to introduce the definition below. 
Definition 1.3.2.2. A nonempty subset C in a normed space {X, ||-||) is said 
to be representahle as a Bishop-Phelps cone if there exist a functional 
f £ X* and a norm || . ||e equivalent to || • || such that 
C； 二 {a: e X I < f{x)}. 
Clearly, this definition is more general than Definition 1.3.2.1. 
With this definition a unified characterization of Bishop-Phelps cones 
generated by different norms can be given. 
Proposition 1.3.2.3. ([28], Thm. 3.2) Let C he a nonempty subset of a real 
normed space {X, || . ||) such that C + {Ox}- Then C is representahle as a 
Bishop-Phelps cone if and only if it is a cone possessing a closed hounded 
base. 
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Proof. Suppose that the set C is representable as a Bishop-Phelps cone; then 
there exist a functional f e X* and a norm || • ||e equivalent to ||. || such that 
c = { x e x \ ||x||e ^ f{x)}. 
Hence, C is a cone in X. Now let 6 represent the set {c G C^  | / ( c ) 二 1}. 
Since / ( c ) � | | c | | e > 0 whenever c € C\{Ox}, it follows that f G 
Therefore, with the aid of Proposition 1.1.24, 6 is a closed base for the cone 
C. Furthermore, observe that ||6>|e ^ f(6) = 1 for any point 6> G 6 , the base 
9 is therefore bounded as || . || and || • ||e are equivalent norms. 
Conversely, suppose that C is a cone with a closed bounded base 0 . Since 
{Ox} n © = 0，there exist a functional g e X* and a number a e ]0, +oo 
such that inf^^e g{e) ^ a, and so p G Now let 0 represent the set 
{c € C I g{c) = 1}; then, again by Proposition 1.1.24, 0 is a base for C. 
Moreover, © is bounded. To see this, let 9 be an arbitrary point of 6 ; then 
0 = XO for some number A e ]0, +oo[ and some point 0 . Consequently, 
A ~—— : “ ^ • 
9{0) 9{0) a 
As 6 is bounded, there exists a number M G]0, +OO[ such that || (9||� M for 
any point 9 eQ. Therefore, 
~ • M ||6i = A 州 < — 
a 
for any point 6 e B. Since g is continuous on X, there exists a number 
S G ]0，+oo[ such that g{x) ^ 臺 for any point x e Bs(Ox). Now let A 
represent the set co ( - 0 U Bs(Ox) U B) ; then A is convex, balanced and 
absorbing. Thus, the corresponding Minkowski functional PA given by 
PA(X) = i n f " G ]0, +oo[ \xetA} 
Chapter 1. Cones in Real Vector Spaces 39 
for any point x e X is a. seminorm on X. Moreover, as A is the convex hull 
of a bounded set, it itself is also bounded. Hence, PA is actually a norm on 
X, 
Indeed, the norm PA{-) defined in such manner is equivalent to the norm 
I • 11. To prove this, notice first that 
Pa{X) ^ 1 (1) 
for any point rr € Bsifix) because Bs(Ox) Q A. Since e Bs(fix) for any 
point X € X\{Ox}, inequality (1) implies that 
Spa(X) < IMI (2) 
for any such x. On the other hand, with the set A being bounded, there 
exists a number r G ]0, +oo[ such that ||a||�r for any point a e A, which 
also applies to any point a e cl(A). Since cl(^) 二 G X | PA{X) ^ 1}, it 
follows that PA{X) > 1 once \\x\\ > r. Consequently, as 
/ e \ X 
r + ；tt 一 
\ PA{X)J X 
for any point x G X\{Ox} and any number e G ]0, +oo[, 
/ / e \ X \ , 
PA R-\- ~ ^ > 1, 
whence rp^l^) + e > ||x||. Therefore, seeing e is arbitrary, 
\x\\ < rpA{x) (3) 
for any point x G X\{Ox}- Now, by combining inequalities (2) and (3), PA(-) 
and II • II are really equivalent. 
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It remains to show that C； = € X | < g(x)}. For brevity's sake, 
the set {x e X \ pa{x) < g{x)} is simply represented by the symbol C in 
the following. Now let c be any point in the set C\{Ox}； then c = XO for 
� � •^ 
some number A G]0, +OO[ and some point 0 eQ. Accordingly, C G A0 C XA, 
whence PA{C) ^ A. Therefore, 
PA{c)^Xg{0)=g{X0) = g{c), 
which implies that c 6 C. As Ox € C, the preceding argument shows that 
CCC. 
For the reverse inclusion, it suffices to prove that 
{a； e X I P A � 二 1, p � (4) 
To justify this assertion, let c be any point in the set C\{Ox}； then 
/ c \ < / c \ 
PA [pa(C)J \ G \PA{C)J • 
Therefore, if the truth of statement (4) has been granted, then G C, 
and thus c € C. So let rr be a point in X such that PA{^) = 1 and g{x) ^ 1. 
Observe that the set A is balanced, so if a is an arbitrary number in [1, +oo[， 
then 
aA = P (^A) C pA (5) 
\P / 
for any number (3 G [a，+oo[. Since PA{X) = 1, X e f3A for any number 
P e ]1, +oo[. To see this, suppose for reductio that this is false; then there 
exists a number 7 G ] l ,+oo[ such that x • 7 A Consequently, in view 
of statement (5), x ^ aA for any number a G [1,7], which contradicts 
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the assumption that PA(X) = 1. Hence, a: G ( l + A for each number 
n e and so x can be represented as (!• + •) (An^l + "n以n + 
for every number n G Z+, where Un is some point in Bs(Ox), C and ( are 
some points in 6 , and An, fin and Vn are some numbers in [0,1] such that 
An + Mn + i^ n = 1. Under this construction, the sequences (An)nGZ+, (Mn)nGZ+ 
and (i^ n)nez+ respectively have convergent subsequences (/\nfc)A:ez+’ (Mnfc)fcez+ 
and (z/njfcez+, whose limits are correspondingly represented by A, /x and v. 
Therefore, for each number /c G Z+， 
g{x) = (1 + 丄 ) ( A n f e P ( C ) + /^n.^KJ - � " ( O : 
\ nkj ^ z 
( 1 \ / 1 \ 
< 1 + — An, + - / i n , 一 JW . 
V ^fc/ V ^ / 
Since g{x) ^ 1, 
/ 1 \ / 1 � � 1 
1 ^ lim 1 + — An, + -Mn, -l^n, 二入 + J " 一 
fc—+00 \ rikj \ 2 / 2 
Moreover, as A^ ^ + fJ^ k + 二 1 for each number /c G Z+, A +/x + i/ = 1. 
Consequently, A + + + which implies that 4- 2i/ ^ 0. 
Seeing /i and v are numbers in [0，+oo[, the preceding inequality shows that 
= 1/ = 0, whence 
lim Unu = lim � = 0 and lim An^  = 1. 
fc—+00 k-*+oo fc—+00 
Thus, (1 + 六 ) + "n“一C)) ^ Ox as A: ^ +00, for Bs(Ox) and 9 
are bounded. Finally, since limfc—+oo ( l + 幻 = 1 ， 一 a: as A; 一 +oo. 
Hence, x G cl(0) 二 0 Q C：. • 
With the aid of this proposition, a result characterizing Bishop-Phelps 
cones in finite dimensional real normed spaces can be given. 
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Proposition 1.3.2.4. ([28], Thm. 3.4) A nontrivial convex cone C in a 
finite dimensional real normed space {X, || • ||) is representable as a Bishop-
Phelps cone if and only if it is closed and pointed. 
Proof. Suppose that C is representable as a Bishop-Phelps cone. Thanks 
to Proposition 1.3.2.3, C has a closed bounded base. Then it follows from 
Proposition 1.1.10 that C is closed and pointed. 
Conversely, suppose that C is a closed, pointed, convex cone. Notice first 
that (X, II • II) can be identified with W for some number n G Z+. Since W 
is locally compact, it follows from Proposition 1.1.26 that C has a compact 
base, and a fortiori it has a closed bounded base. Therefore, by Proposition 
1.3.2.3, C is representable as a Bishop-Phelps cone. • 
1.3.3 Quasi-Bishop-Phelps Cones 
The concept of Quasi-Bishop-Phelps cones was introduced by Ng and 
Zheng [25] in order to generalize that of Bishop-Phelps cones. 
Definition 1.3.3.1. A closed convex cone C of a real normed space (X, ||. ||) 
is called a quasi-Bishop-Phelps cone if there exists a compact subset K 
of X* such that 
C C \ x e X ||x|| ^ sup f{x) V . 
I f^K J 
According to this definition, a Bishop-Phelps cone is clearly a quasi-Bishop-
Phelps cone. Notice that if a closed cone defined in a real normed space has a 
base, then the closure of this base is also a base for such cone. Therefore, any 
closed cone possessing a bounded base in a real normed space must have a 
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closed bounded base. Consequently, it follows from Proposition 1.3.2.3 that 
a closed cone with a bounded base in this setting is a quasi-Bishop-Phelps 
cone. 
The proposition below reveals an important property of a quasi-Bishop-
Phelps cone: the convergence and the weak convergence of certain sequences 
in a quasi-Bishop-Phelps cone to the origin of the real normed space being 
considered are equivalent. 
Proposition 1.3.3.2. ([25], Prop. 3.2) Let C he a closed, pointed, convex 
cone in a real normed space (X，|| . ||). Then the following statements are 
equivalent. 
(a) C is a quasi-Bishop-Phelps cone. 
(b) (be 雀 w-cl(C 门 
(c) For any hounded net {ca)aei 切 the cone C, c^ 二 Ox if and only if 
Ca Ox-
Proof. To prove that ( c )令 ( 6 ) , observe that there exists a net (ca)aG/ in 
C n S x weakly converging to Ox if Ox G w-cl(C n Since ||ca|| = 1 for 
any element a e I, the net {ca)aei does not converge to Ox-
To prove that {b) (a), notice first that, by statement (b), there exists 
a weak neighborhood U^ of Ox in the form 
{rr e X I |p“:r)| < 1，i = 1 ,…•，n } 
such that 切门（7 门 二 0，where pi,. • •,夕„ are n functionals in X*. As a 
result, ||x|| < max{±pi(rr), • •. ’ 士 f o r any point G (7 A Hence, 
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for any point c G C\{Ox}, 
— < max <[士丄5fi(c)，.. • ， 士 \ , 
c L c c J 
which means that ||c|| ^ • •. , 士Pn(c)}. In conclusion, 
(7 g {:r e X I ||rr|| < m a x { ± " i ( : r ) , … ， 士 ， 
and thus C is a quasi-Bishop-Phelps cone. 
It remains to prove that (a) (c). As C is a quasi-Bishop-Phelps cone, 
there exists a compact subset K of X* such that 
C C Jx e X ||x|| ^ sup f (x ) I . 
I feK J 
Assume that (ca)aei is any bounded net in the cone C weakly converging 
to Ox； then there exists a number m G ]0, +oo[ such that ||ca|| ^ m for any 
element a G / . Now let e be an arbitrary number in ]0, +oo[. Since the family 
{ 召 ! I / G is an open cover of the set K, there exist n functionals 
/ i ,…， /n in such that 
� ^u^^ � 二 CJ � + > • 
i=l i=l i=l 
Hence, 
llCall ^ max{/i(c«), . . . ,fn(Ca)} + ^ Slip \g{Ca)\ � 
她 geBx* 
for any element a el. As c^ ^ Ox, there exists an element a e I such that 
max{|/i(c«)|,…，|/n(Ca)|} < f whenever a ^ a. Hence, by inequality (1), 
c < 1 + 1 = e for any such element a. Seeing the number e is arbitrary, 
the preceding statement implies that c^ ^ Ox- Finally, since c^ Ox if 
Ca —^  Ox, the assertion follows immediately. 口 
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The following corollary characterizes quasi-Bishop-Phelps cones in real 
normed spaces whose corresponding topological duals are separable. 
Corollary 1.3.3.3. ([25], Cor 3.1) Let C be a closed, pointed，convex cone 
in a real normed space (X, ||. ||) whose topological dual X* is separable. Then 
C is a quasi-Bishop-Phelps cone if and only if Cn ^ Ox implies that Cn — 
as n — +00，where (Cn)nez+ is any sequence in C. 
Proof. Since any weakly convergent sequence in a normed space is bounded, 
the necessity of this statement follows from Proposition 1.3.3.2. 
On the other hand, suppose that C is not a quasi-Bishop-Phelps cone. 
Then, again by Proposition 1.3.3.2, G w-cl(C n Sx). As X* is separable, 
the weak topology on the set 门 is metrizable. Therefore, there exists a 
sequence {xn)n^z+ in CnS^x converging to Ox weakly. As \\xn\\ = 1 for each 
number n G Z+, this sequence does not converge to Ox- • 
1.3.4 Quasi*-Bishop-Phelps Cones 
The notion of quasi*-Bishop-Phelps cones was also introduced by Ng and 
Zheng [25]. In contrast to the previous subsection, this notion deals with the 
respective dual cones of certain cones in real normed spaces. 
Definition 1.3.4.1. Let C he a closed convex cone in a real normed space 
(X, II • II). Then its dual cone is called a quasi*-Bishop-Phelps cone 
if there exists a compact subset K of X such that 
C + C ( / g X * II/II ^ s u p / w ) . 
L keK J 
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The next proposition reveals that the dual cone of a closed convex cone 
with a nonempty topological interior in a real normed space is a quasi*-
Bishop-Phelps cone. 
Proposition 1.3.4.2. ([25], Prop. 3.1) Let C be a closed convex cone in a 
real normed space (X，|| . ||). Then the set int(C) is nonempty if and only if 
there exists a point x G A'\{Ox} such that 
C { / G X* I 11/11 ‘ 浦 . 
Proof. Suppose that the set int((7) is nonempty; then there exists a point 
c G C such that Br(c) C C for some number r G ]0,+oo[. Consequently, 
/ ( c ) ^ 0 for any functional / G and any point c € Br{c). Now since 
(^ c - r^jfif) - c ^ r for any point x G X\{Ox}, f { c - r 命 ) � 0 ， a n d so 
\f{x)\ = m a x { / ( x ) , - / ( x ) } < ( J / � ) I M I . 
Therefore, ||/|| ^ ^/(c), which shows that 
Conversely, suppose that C {f e X* \ \\f\\ ^ f{x)} for some point x G 
X\{Ox}. Then for any point x e Bi{x) and any functional g 6 
as \\2{x -x)|| ^ 1 and sup^^^^ \g[x)\ ^ g[x), 2g{x -x)^ g{x), which shows 
that g{x) ^ g { x ) � 0 . Therefore, by Proposition 1.1.13, x 6 C, It then 
follows that Bi{x) C C, and so int(C) is nonempty. • 
2 
The essence of the proposition below is the same as that of Proposition 
1.3.3.2, whose proof applies mutatis mutandis here. 
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Proposition 1.3.4.3. ([25], Prop. 3.3) Let C he a closed convex cone in a 
real normed space (X, || . ||). Then the following statements are equivalent 
(a) The dual cone (7+ of C is a quasi Bishop-Phelps cone. 
(b) 孝 w*-ci((:;+n&*). 
(c) For any hounded net {fa)aei 切 <^+，fa ^ Ox* if and only if fa — Ox--
The next corollary, whose proof is also similar to that of Corollary 1.3.3.3, 
characterizes quasi*-Bishop-Phelps cones in the corresponding topological 
duals of separable real normed spaces. 
Corollary 1.3.4.4. ([25], Cor. 3.2) Let C be a convex cone in a separable 
real normed space (X, || • ||). Then the dual cone for C is a quasi*-Bishop-
Phelps cone if and only if fn 二 Ox* implies that fn — Ox* as n ^ +00， 
where {fn)nez+ is any sequence in 
1.3.5 Gallagher-Saleh £)-cones 
Introduced by Gallagher and Saleh [13] for the purpose of generalizing 
the Arrow-Bar ankin-Blackwell Theorem to dual systems over R, the notion 
of Gallagher-Saleh D-cones reveals the fact that certain arguments involved 
in generalizing this theorem are still valid without requiring any ordering 
cone in the topological vector space being considered to possess a weakly 
compact base. Indeed, this notion does not explicitly or implicitly demand 
the assumption that the ordering cone in question to have a bounded base, 
thus largely facilitating the generalizations of the Arrow-Bar ankin-Blackwell 
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Theorem to certain spaces even though none of them is partially ordered by 
a cone possessing a bounded base. 
Recall that a dual system over R is a pair of vector spaces {X, Y) over 
R such that any bilinear form (•,•) on X xY satisfying the separation axioms 
below. 
(a) If {x, y) =0 for any element y eY, then x = Ox-
(b) If (x, = 0 for any element x e X, then y = Oy. 
If C is a pointed convex cone in such a dual system, then its dual cone C+ 
is defined as the set 
{y e y I � c , " � � 0 for any point c G C} , 
and the quasi-interior of this dual cone is defined as the set 
{y EY \ {c,y) > 0 for any point c G C}. 
In this way, the dual cone C+ for C can be employed to induce a partial 
ordering on Y by the same method detailed on p. 9 provided that is 
pointed. 
Definition 1.3.5.1. Let {X, X) be a dual system over R such that X is 
equipped with the topology induced by X. A nontrivial cone C in X is called 
a Gallagher-Saleh D-cone if there exists a nonempty subset D of the 
quasi-interior of the dual cone of C satisfying the following conditions. 
(а) The set D is included in a compact convex subset ofX. 
(б) For any elements f and g in the set D, there exists another element h 
in D such that f - h e C^ and g-he 
I 
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(c) If (x, / ) ^ 0 for any element f e D, then x eC. 
According to this definition, any Gallagher-Saleh D-cone C must be pointed, 
for the set is nonempty. Moreover, seeing D C by condition (c), 
C= f]{xeX\{xJ)^0}, 
fen 
which shows that C is convex. If X is equipped with a topology such that 
� . ’ / ) is continuous for any element f e D, then C is also closed. 
The following proposition gives a sufficient condition for a cone to be a 
Gallagher-Saleh D-cone. 
Proposition 1.3.5.2. ([13], Lemma 2.5) Let C he a weakly closed convex 
cone in a real locally hounded Hausdorff topological vector space {X, X) such 
that the topological dual X* separates the points of X. If the quasi-interior 
of the dual cone of C is nonempty, then C is a Gallagher-Saleh D-cone. 
Proof. Let V be a bounded neighborhood of Ox- Notice first that, by the 
Alaoglu Compactness Theorem, the polar of V, which is defined as the 
set 
{ / e I ^ 1 for any point v G V}, 
is weakly* compact. Moreover, since any functional f e X* is bounded in 
some neighborhood N of Ox, there exists a number M £ ]0, +oo[ such that 
/(x)| < M for any point x e J\f. As V is bounded, there exists another 
number sy G ]0,+oo[ such that V <Z tM whenever t > sy Consequently, 
sup蛇V 1/(^)1 ^ tM, which shows that the set n \^�is nonempty. Now 
let /i be a functional in 门 and let D represent the set 
/ l \ 
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Then clearly D C and so condition (a) in Definition 1.3.5.1 
is satisfied. 
Let f and g be two arbitrary functionals in the set D. It follows that 
f =念 h + c卞 and g =计 + c+, where n/ and rig are some numbers in 
and c卞 and are some functionals in Now define n as the positive 
integer max{n/，nj and I as the functional ^h. In this way, I is a functional 
in D such that / - / G and - / G C+, and so condition (b) in Definition 
1.3.5.1 is satisfied. 
It remains to prove that condition (c) in Definition 1.3.5.1 is also fulfilled. 
To this end, suppose that rr is a point in X\C. Then, by Proposition 1.1.13, 
there exists a functional / G such that f{x) < 0. Since the neighborhood 
V defined in the first paragraph is bounded, it may be assumed without loss 
of generality that sup妮乂 1 / � I ^  i Now if n is any number in Z+ greater 
than the number 識 + 2, then 
V^ / 
and 
/ I \ 1 , � 1 1 1 1 1 1 
sup (-h-hf {v) 一 P - " � + < : + y ” 广 1. 
vev V^ / ^ z n z z z 
Therefore, M + / G JD. 口 
It is well known that any normed space is Hausdorff, locally bounded and 
locally convex. Therefore, an immediate consequence of Proposition 1.3.5.2 
is that any cone with a closed bounded base in a real normed space must be a 
Gallagher-Saleh D-cone, as, in view of Proposition 1.1.10, this cone is closed, 
thus weakly closed by Mazur's Theorem, and the quasi-interior of its dual 
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cone is nonempty as well. Furthermore, again based on Proposition 1.3.5.2， 
the nonnegative orthants of W, IP and where p is any number in [1，+oo]， 
are all Gallagher-Saleh D-cones, for they are weakly closed and convex, and 
the quasi-interiors of the corresponding dual cones are nonempty. 
Chapter 2 
Generalizations in Topological 
Vector Spaces 
The Arrow-Barankin-Blackwell Theorem has been generalized in many 
fashions since it was published in 1953. The table below aims at summarizing 
some significant generalizations of this theorem announced between 1953 
and 1999. For lucidity, the ordering cone and the feasible set concerned are 
respectively designated as C and A in this table. 
Contributor(s) Setting Condition(s) Condition(s) Status in 
on C on A this thesis 
Hartley W closed, pointed closed k follows from 
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Jahn ([19], 1988) RNS Bishop-Phelps convex k Cor. 2.3.7 
cone w. compact 
Petschke RNS with a closed convex k follows from 
([28], 1990) bounded base w. compact Cor. 2.3.11 
Gallagher & Dual Gallagher- convex k Cor. 2.2.9 
Saleh ([13], 1993) system Saleh D-cone compact 
over R. 
Gallagher k RLCS with a closed convex k Cor. 2.3.3 
Saleh ([13], 1993) bounded base w. compact 
Ferro ([10], 1993) RNS closed, convex convex k follows from 
Sz pointed, w. compact Thm. 2.2.4 
+ 0 
Zheng RTVS w. closed & convex & Thm. 2.2.4 
([33], 1998) convex, compact 
C+i 一 0 
Ng k Zheng RNS based quasi- convex k Cor. 2.3.11 
([25], 1999) Bishop-Phelps w. compact 
cone 
Ng k Zheng RNS with a w. convex, Thm. 2.4.1 
([25], 1999) compact base closed k 
complete 
This chapter means to dissect some representative generalizations of the 
Arrow-Bar ankin-Blackwell Theorem in real topological vector spaces. Most 
of these results exhibit the premises, like conditions imposed on ordering 
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cones and feasible sets; and mathematical techniques, like minimax theorems 
and separation theorems, necessary during the course of studies. For ease of 
reference, the generalizations to be elucidated are respectively classified into 
three categories according to the assumptions involved. It should be noted 
that some specific generalizations of Arrow-Barankin-Blackwell Theorem in 
certain spaces, such as and will not be mentioned explicitly since 
these results can usually be tackled with greater ease once they are placed 
within an aptly selected abstract setting. However, if appropriate, they will 
act as examples to illustrate how certain main results in this chapter are 
applied in a specific setting, thus showing the power of abstraction. 
There are four sections to this chapter. Section 2.1 establishes a couple of 
optimality notions which are of paramount importance in the theory of vector 
optimization, namely, efficiency and positive proper efficiency. Indeed, the 
Arrow-Barankin-Blackwell Theorem is a result concerning the density of the 
set of positive proper efficient points in that of efficient points. Sections 2.2, 
2.3 and 2.4 respectively detail the generalizations of this theorem categorized 
as types I, II and III. The characteristics of these categories will be expounded 
in the corresponding sections. 
2.1 Efficiency and Positive Proper Efficiency 
Optimality notions undoubtedly have been occupying the central position 
since the advent of the theory of vector optimization. In this section two 
cardinal optimality notions are introduced in detail. The first one to be 
presented is efficiency, which can be regarded as the most primitive optimality 
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notion by far among all the others occurring in this theory. 
Definition 2.1.1. Let A he a nonempty subset of a real vector space X with 
a partial ordering induced by a pointed convex cone C. A point d e A is 
called an efficient point of the set A with respect to the cone C if 
(吞 -A) n c = {Ox}. 
Hereafter, the set of all such points will be symbolized as E{A, C). Though 
this definition looks seemingly unnatural, a moment's reflection shows that 
it is identical to saying what follows: a point a € A is an efficient point 
of A with respect to C if whenever there exists a point a e A such that 
a ^c a, then a = a, where ^c is the partial ordering induced by C in the 
way mentioned on p. 3. Therefore, this definition does conform with the 
intuitive idea of efficiency; however, sometimes it is much easier to work with 
this equivalence instead of directly employing Definition 2.1.1, which may 
occasionally make proofs tedious. 
Remark. It is possible to define efficiency in the following way: a point 
a e A is called an efficient point of A with respect to the cone C if 
( � - A ) n - C = {Ox}. 
In other words, a is such a point that a = a once a •吞 for some point 
a e A. Rigorously speaking, the efficiency mentioned in Definition 2.1.1 is 
called (Pareto) minimality, whereas the one mentioned here is called (Pareto) 
maximality. Nevertheless, a (Pareto) maximal point of a given set is also a 
(Pareto) minimal point of the same set with respect to the cone —C. As a 
result, without loss of generality, it is sufficient to study (Pareto) minimal 
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points only. Unless otherwise stated, efficiency is hereafter tantamount to 
(Pareto) minimality in this thesis. 
The next two examples illustrate this concept in some concrete settings. 
Example 2.1.2. Let C be the nonnegative orthant in and let A be the 
set {(rr, y) e R^ I x^ -h y^ = 1, y ^ 0}. Then it can be seen that any point in 
the set {(x,y) € 卜 2 + 双2 二 丄，工 < 0, y O } is an efficient point of the 
set A with respect to the cone C. 
Example 2.1.3. ([20], Ex. 4.2) Let the symbol F{X, R) represent the real 
vector space of functionals defined on a real vector space X such that F{X, M) 
is partially ordered by a pointwise ordering, and also let the symbol SF[X, R) 
represent the subset of F(X, R) consisting of all sublinear functionals defined 
on X. Then, under this setting, the algebraic dual X' coincides with the set 
of all efficient points of the set SF{X, R). 
To prove this assertion, let f and g be two arbitrary functionals in X' 
and SF{X, R) respectively such that g{x) < f{x) for any point x e X. Then 
it can be seen that / = p as g{x) ^ f{x) = -f[-x) < -g{-x) < g{x) for 
any point x e X. Accordingly, f is an efficient point of the set SF{X, R). 
Conversely, let h be an efficient point of the set SF{X, R). With respect 
to any fixed point x eX define a functional I : X -^R by declaring that 
l{x) = inf(/i(x + Xx) - Xh{x)) 
for any point x e X. Notice first that this functional is well-defined as for 
any point x £ X and any number A G ]0, +oo[, 
Xh{x) = h{Xx) ^ h{x + Xx) + h{-x), 
Chapter 2. Generalizations in Topological Vector Spaces 57 
which implies that -h{-x) ^ h{x + Xx) - \h{x), and thereby the infimum 
exists. Moreover, I is a sublinear functional. To see this, firstly observe that 
for any point x e X and any number a G M, 
al{x) = mij^ah{x + Xx) — a\h{x)) 
=inf(/i(aa; + aXx) — aXh{x)) 
二 
which means that I is positively homogeneous. Since I {Ox) = 0，/ is also 
nonnegatively homogeneous. Secondly, observe that for any points x and y 
in X , and any numbers A and /i in ]0, +oo[, 
l{x 4- 2/) ^ + y + (A + 旬 一 (A + ^)h(x) 
^ h{x + Ax)-入"(X) + h{y + ^ix) 一 
Therefore, l{x + y) < l{x) + l{y) for any points x and y in X, and so I is 
subadditive. Now as h{x + Ax) - \h{x) ^ h{x) for any point x eX and any 
number A G ]0, +oo[，l{x) < h{x) for any such point x and any such number 
入.Since h is an efficient point of the set SF{X, R), it can be seen that I = h. 
Consequently, for any points x and y in X, h{x) 二� r r ) ^ h{x + y) — h(y), 
and thus h{x y) ^ h{x) + h{y). By the subadditivity of h, the preceding 
inequality implies that I is indeed a linear functional; hence, I G X', as 
desired. 
In the following several propositions pertaining to the properties of sets 
consisting of efficient points in partially ordered real vector spaces are stated 
and proved. The first proposition demonstrates that any efficient point of a 
nonempty set cannot lie in the topological interior of this set. 
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Proposition 2.1.4. Let {X, T) be a real topological vector space partially 
ordered by a nontrivial pointed convex cone C, and let A be a nonempty 
subset ofX. Then E{A, C) n int^A) = 0. 
Proof. Suppose for reductio that there exists a point 6 G 五 ( A ， A int(A); 
then there is a neighborhood U of Ox such that a-U C A. Now pick a 
point c from the set C\{Ox}. Since U is absorbing, there exists a number 
Ac e ]0, +oo[ such that AcC G U. Therefore, d - XcC e A. As a - \cC 4c a 
and a ^ a - A c^, it follows that a 朱 E{A,C), which is clearly impossible. 
Hence, E{A, C) fl i n t � = 0 . • 
The second proposition reveals a relation between efficient points of two 
nonempty subsets of a partially ordered real vector space. 
Proposition 2.1.5. Let A and B be two nonempty subsets of a real vector 
space X partially ordered by a pointed convex cone C. If ACBCA + C, 
then E{A,C) = E{B,C). 
Proof. Let a be any point in the set E{A, C); then — A) n C 二 {Ox}. Now 
let X be a point in the set (吞一 B) A C. Since BQA + C,x = a-{a-\-c) 
for some points a E A and c e C. Consequently, by Proposition 1.1.2, 
a - a = x + c € C + C C C , whence a = a. Therefore, a: G A (—C), which 
implies that x = Ox, and so (S - 5 ) A C 二 {Ox}- On the other hand, as 
AC B, {Ox} g - B) n a Hence, - B) n C = {O^}, or equivalently 
deE{B,C). 
Conversely, let 6 be a point in the set E[B, C); then (5 - n C = {O^}. 
Notice first that (5 - A) n C Q {Ox}- Now since B C A C , b - a e C 
for some point a e A. Moreover, as 6 G E{B,C) and A C B, it follows 
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that b = a, and thereby b e A. Accordingly, {Ox} ^ (6 — A) n (7. Hence, 
(S — A) n (7 = {Ox}, or equivalently b e E{A, C). • 
The third proposition establishes a relation between efficient points of a 
nonempty set and those of the convex hull of this set. For the brevity of 
presentation, the following definition is introduced. 
Definition 2.1.6. Let A and B be two subsets of a vector space X. The set 
A is said to be B-convex if the set A ~h B is convex. 
Proposition 2.1.7. ([16], Thm. 3.2) Let X be a real vector space partially 
ordered by a pointed convex cone C. If A is a nonempty C-convex subset of 
X, then E{A, C)==丑(co(⑷，C). 
Proof. By using Proposition 2.1.5 repeatedly, 
E{A, C) = E{A + C,C) = E{co{A + C),C) = E{co{A) + C, C) 
二丑(CO ⑷ , C ) , 
as desired. 口 
It should be noted that a nonempty subset of a partially ordered vector 
space can be devoid of efficient points, which is going to be shown by the 
next example. 
Example 2.1.8. ([5], Ex. 1(6)) Consider the closed unit ball Bcq of the real 
Banach space cq, where \\x\\ := \xn\ for any element x G cq, partially 
ordered by the cone 
:二 {a： € Co I 二�Tn〉，Xn^ 0 for each number n G 
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Let a be a point in 払。；then there exists a number n G Z+ such that < | 
whenever N ^ N. Now let 6 be a point in CQ defined in the following manner: 
for each number n G 
f 
-去， i f 0 < an < 1； 
K = \ an, if - 1 ^ a^ < 0 and n < n; 
2an, if —1 ^ < 0 and n ^ n. 
\ 
Then it can be seen that b G Bcq, 6 « but a b; hence, B��does not have 
any efficient points. 
Because of this phenomenon, mathematicians have been making effort to 
find conditions assuring the existence of efficient points, and many sufficient 
conditions guaranteeing such existence have been established. At the moment 
some of these conditions, which will be employed later in this thesis, are 
stated and proved. 
To start the presentation, a useful definition is needed. 
Definition 2.1.9. Let A be a nonempty subset of a real vector space X with 
a partial ordering induced by a pointed convex cone C. If for some point 
X e X the set (x — C) A A is nonempty, then this set, represented by the 
symbol Ax, is called a section of the set A. 
It can be easily seen that the section A^ = {a e A \ a ^c x}. Moreover, if 
the cone C is closed, then so is A^. 
The following lemma shows that any efficient point of a section of a set 
is also an efficient point of this set. 
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Lemma 2.1.10. Let A be a nonempty subset of a real vector space X with 
a partial ordering induced by a pointed convex cone C, and let x be a point 
in X such that A^ is a section of A. Then E{Ax, C) C E{A, C). 
Proof. Let a be any point in the set C), and let a be a point in the set 
A such that a ^c Since a 4c 无,it follows that a 4c 无，and so a G A^. 
Consequently, a = a, which means that a G E{A, C). • 
With this lemma, the first result concerning the existence of efficient 
points can be stated and proved. 
Proposition 2.1.11. ([20], Thm. 6.3(c)) Let (X, X) be a real topological 
vector space partially ordered by a closed, pointed, convex cone C. If A is a 
nonempty subset of X possessing a compact section, then the set E{A, C) is 
nonempty. Hence, if A itself is compact, then E{A, C) must be nonempty. 
Proof. Since A has a compact section, there exists a point x e X such that 
the section A^ of A is nonempty and compact. Now consider a chain 
in Ax, and let the symbol represent the compact set (a^ - (7) A ]无. 
Observe first that the family of compact subsets {Ax,ai)iei of A^ satisfies the 
finite intersection property. To see this, let be a finite subcollection 
of the family Since is a chain, without loss of generality all 
elements of the set {ai, a2，. • • , ov j can be arranged in an ascending order 
as ai ^ c • • • 4 c o^ n- Accordingly, ai G A 二 — C), and thereby 
ai e - CO) n A = nr=i Ai，ai- Because of the compactness of A^, 
there exists a point a* G flie/A—i = _ C')) A As, which shows 
that a* e Axis a, lower bound of the chain Consequently, by Zorn's 
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Lemma, the set A^ has a minimal element a. As a G E{Ax, C), it follows 
from Lemma 2.1.10 that a G E{A, C). • 
To present another result of similar nature, a special notation inte(C+) 
will be used to represent the set 
{ / e C - | i n f / W > o } , 
where C is a convex cone with a base 9 . It should be noted that inte((7+) 
is nonempty so long as C is defined in a real locally convex vector space. To 
see this, notice that {Ox} A cl(e) = 0 by Definition 1.1.7, thus there exists 
a functional f e X* such that inf^^e f{0) > 0. Since © is a base for C, the 
preceding inequality implies that f G C and so the assertion holds. 
Moreover, it is clear that 
+ inte(C+) C int©(C+) C 
The following proposition shows that if a convex cone defined in a real 
normed space has a bounded base, then the set defined above is identical 
to the topological interior of the corresponding dual cone. Therefore, the 
introduction of such a symbol, which resembles the one representing the 
topological interior of a set, is justified. 
Proposition 2.1.12. ([32], Prop. 3.1) If C is a convex cone possessing a 
hounded base Q in a real normed space {X, || • ||)； then inte(C^+) 
Proof. Let 6 represent the real number inf^^e ||没II; then clearly 6 > 0. To 
show that int(C+) C inte(C+), let f be any functional in int(C+). As a 
result, there exists a number e G ]0, +oo[ such that / + p G whenever g 
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is a functional in the closed ball Be{Ox*)- Now pick a point from the base 
© such that 
Thanks to the Hahn-Banach Theorem, there exists such a functional 认 G X* 
that \\ge\\ 二 e and g^ (9,) 二 -e||6g|. Since / + G 像)_ e\\e,\ = 
f (6>e) + Qe {Oe) ^ 0, which implies that f {0^)�\\0^\\ ^ 6e. Consequently, in 
view of inequality (1)， 
and thereby f G inte(C^+). 
To show the reverse inclusion, let f be any functional in inte(C+); then 
the real number n 
:=inf^ge � 0 . As 0 is bounded, there exists a 
number m G ]0, +oo[ such that ^ m for any point 6 £ Now let ^ be 
any number in the interval ]0,r][ and consider the closed ball B±(J). If g is 
m 
any functional in B±(J), then f{e) — g ⑷ ^ ||/ 一 g\\\\0\\ ^ ^ for any point 
m 
6> G e , or equivalently g{e) ^ /(6>) — Ory- f〉。，whence mfee&9{0) > 0. 
Therefore, g e C and so / G iiit(C+). • 
Before proceeding to the main result, a lemma basically due to Zheng 
32] is needed. The version stated below is more general than Zheng's one, 
which is only applicable to sequences in real locally convex vector spaces. 
Lemma 2.1.13. Let C be a convex cone possessing a hounded base Q in a 
real locally convex vector space {X, X). Suppose that there is a net {xa)aei 
in X such that x^' >c 工a� whenever a' ^ a", and that there is a functional 
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f e inte(C^+) such that the scalar net {f{xa))aei hounded below; then 
{xa)(xei is a Cauchy net. 
Proof. Let m represent the real number inf^^e /W； then it follows from the 
definition of the functional f that m > 0. Since the base 6 is bounded, for 
any neighborhood U of Ox there exists a number 8 G ]0, +oo[ and a balanced 
neighborhood V of Ox such that C y C c\{V + V) C U ii t e [0,S. 
Notice that as f { x a ' ) � f { x a " ) whenever a’ ^ a", the scalar net {f{xa))aeh 
which is bounded below by assumption, is convergent. Therefore, there is an 
element a e I such that f{xa> - Xoc") < mS whenever a' a and a" ^ a. 
Since, for such elements a, and a" in / , both points x^-Xa' and x^-Xa" are 
in C, it follows that x^-x^' = \'6' and == where A' and X丨 are 
some numbers in [0, +oo[, and Q' and Q" are some points in 0 . Consequently, 
md > max{/(x« - a^)，f{xa _ W ) } 
= m a x { A W)，入7 ( 0 } 
^ mmax{A,，A"}, 
which implies that max{A', A"} < 6. Hence, 
— Xa" = AV - A V G A'0 - — 二 + 
whenever a^  ^ a and a" > a, and so (xa)ae7 is a Cauchy net. • 
Now the main result obtained by Zheng can be stated and proved. 
Proposition 2.1.14. ([32], Thm. 3.1) Let {X, X) be a real locally convex 
vector space partially ordered by a closed, pointed, convex cone C with a 
hounded base Q, and let A he a sequentially complete subset of X. Suppose 
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that there exists a functional f G inte(C^+) such that f is hounded below on 
A. Then the set E{A, C) is nonempty; more precisely, for any point a G A 
there exists a point a G E(A, C) such that a 互. 
Proof. First observe that for any point a e A, 
inf / ( r r )^ i n f / ( x ) > - o o , (1) 
xeAa XGA 
where Aa is a section of A as defined in Definition 2.1.9. Now let ao be a 
point in A such that inequality (1) holds, and take a point ai from the set 
Aao such that 
/ (a i ) < inf fix) + 1. 
X^AaQ 
Afterwards, in view of inequality (1)，a point a2 can be taken from the set 
Aai such that 
fM < in/ f{x) + X^iAai Z 
Repeatedly follow the steps stated above, a sequence {an)neN in A satisfying 
the following conditions can be constructed: 
(a) cio …^^ n … a n d 
{b) / K ) < / � + > n = 1,2广•. 
Consequently, by Lemma 2.1.13, (an)neN is a Cauchy sequence in the set A. 
Since A is sequentially complete, there exists a point d e A such that a ^ d 
as n —> +00. With C being a closed cone, it follows from condition (a) that 
an ^c ^ for each number n eN. 
Now what remains to be shown is that a G E{A, C). To this end, let b be 
a point in A such that a ^c i. Then a^ i for each number n G N, and so 
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b G Aa^ for any such number n. Accordingly, in view of condition (6), 
f(b) ^ inf fix) > f{an+i) - ^ 
xeAan 几 
for each number n G Z+, which shows that f{b) ^ / (a ) as n — +oo. On the 
other hand, since a - 6 G C and / G it follows that / (a) ^ f(b), and 
so / (a ) = f{b). Finally, seeing f G inte((7+), the preceding equality implies 
that d^ 二 b. 口 
Remark. In a normed space, a set is sequentially complete if and only if it 
is complete. However, in a locally convex space, a sequentially complete set 
is not necessarily complete. For example, let (X, || . ||) be a normed space. 
It is known that a bounded subset of X is weakly complete if and only if 
it is weakly compact. Now consider the Banach space I}. Then the closed 
unit ball Bii is not weakly compact, and thereby it is not weakly complete 
either. Nevertheless, Bii is sequentially complete with respect to the weak 
topology of X , for any sequence in f is weakly convergent if and only if it is 
convergent. 
The following corollary is an immediate consequence of Proposition 2.1.14. 
Corollary 2.1.15. ([32], Cor. 3.2) Let {X, X) be a real locally convex vector 
space partially ordered by a closed, pointed, convex cone C with a hounded 
base ©，and let A be a nonempty subset of X. Suppose that there exist a 
point a e A and a functional f € inte(C^+) such that the section Aa of A 
is sequentially complete, and the functional f is hounded below on Aa- Then 
the set E{A, C) is nonempty. 
After the exposition of efficiency comes the introduction of positive proper 
efficiency, another key optimality notion in the theory of vector optimization. 
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The motive for introducing such a concept primarily pertains to the fact 
that it is always useful to recognize for a nonempty set, represented by A, its 
efficient points which also solve the scalar optimization problem minaeA / ( « ) , 
where / is a strictly positive, continuous, linear functional. 
Definition 2.1.16. Let A be a nonempty subset of a partially ordered real 
topological vector space. A point a e A is called a positive proper efficient 
point of the set A with respect to the ordering cone C if there is a functional 
f e such that / (a ) ^ / (a ) for any point a e A. 
The set of all such points will be hereafter symbolized as Pos(yl, C). 
Remark. It is possible to define positive proper efficiency in the following 
manner: a point a e A is called a positive proper efficient point of A with 
respect to C if there exists a functional f G such that / (a) ^ f{a) 
for any point a e A. Rigorously speaking, the positive proper efficiency 
mentioned in Definition 2.1.16 is called positive proper minimality, while the 
one mentioned here is called positive proper maximality. However, a positive 
proper maximal point is itself a positive proper minimal point with respect 
to the ordering cone —C. Hence, without loss of generality, it is sufficient to 
study the positive proper efficiency only. Unless otherwise stated, the positive 
proper efficiency is hereafter tantamount to the positive proper minimality 
in this thesis. 
The following two propositions reveal some fundamental relations between 
the sets respectively consisting of efficient points and positive proper efficient 
points of a nonempty set. 
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Proposition 2.1.17. If A is a nonempty subset of a real topological vector 
space (X，X) partially ordered by a pointed convex cone C, then Pos(A, C) C 
E{A, C). 
Proof. Let a be any point in the set Pos(^, C), and let a be a point in A such 
that a a. Then there exists a functional f G C+�such that f{a) ( f{a) 
for any point a e A, and so / (a ) ^ / (a). As a - a G C, it follows that 
/ ( a ) � f { d ) , whence / (a ) = / (d) . Since f G the preceding equality 
shows that d = a, and thus a € E{A, C). 口 
Proposition 2.1.18. Let Ci and C2 be two nontrivial pointed convex cones 
in a real topological vector space (X, X) such that Ci possesses a nonempty 
topological interior, and let A he a nonempty convex subset of X. Suppose 
that C72\{0X} C int(Ci), then E{A,Ci) C Pos (ACy. 
Proof. Let a be a point in the set E{A,Ci)] then (S - A)门 C^ i = {Ox}. 
Consequently, it follows from Proposition 2.1.4 that Ox • int(Ci), and so 
- yl) n int(Ci) = 0. Now notice that int(Ci) is nonempty by assumption, 
thus, in view of Eidelheit's Separation Theorem, there exists a functional 
f e X* such that f{x) ^ / ( a 一 a) for any points a e A and x G Ci. Since 
Ox € Cl, f{a -a) for any point a e A. Moreover, as f{x) > f{d - a) 
for any points a e A and x G int(Ci), f{x) > 0 whenever x G int(Ci). 
Therefore, f E C^' because C2\{0x} C int(Ci), whence a G Pos(成 C^. • 
The essence of the next proposition is similar to that of Proposition 2.1.5. 
Proposition 2.1.19. Suppose that A and B are two nonempty subsets of a 
real topological vector space (X, 1) partially ordered by a pointed convex cone 
C. IfACBCA + C, then Pos(A, C) 二 Pos(5, C). 
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Proof. To show that Pos(A, C) C Pos(5,C), let a be a point in the set 
Pos(A, C); then there exists a functional f G such that / (a ) < / (a ) for 
any point a e A. Since 5 C A + C, any point 6 G 5 can be represented as 
ab + Cb for some points a^ e A and Cb e C; hence, 
m = fM + f M � / ( « ) + f � ^ f{a). 
Therefore, it follows from aeB that a G Pos(5, C). 
For the reverse inclusion, let 6 be a point in the set Pos(B, C); then there 
exists a functional g G such that g{b) < g{b) for any point b e B, and 
so g{b) ^ g(a) for any point a e A as A C B by assumption. Now suppose 
for reductio that b • A; then there are points a^ e A and q, G C\{Ox} such 
that 6 二 a石 + ci. Consequently, g(S) = g{ai) + g{ci) > g{ai), a contradiction 
which completes the proof. • 
By using an argument similar to that of Proposition 2.1.7, the following 
proposition can be established easily with the aid of Proposition 2.1.19. 
Proposition 2.1.20. Let {X, X) be a real topological vector space partially 
ordered by a pointed convex cone C. If A is a nonempty C-convex subset of 
X, then Pos(A, C) = Pos(co(A), C). 
After presenting some basic properties related to positive proper efficient 
points, a necessary and sufficient condition characterizing these points is 
provided. An advantage of this condition is its wide applicability in various 
settings. 
Proposition 2.1.21. ([6], Thm. 2.5) Let A a nonempty subset of a real 
topological vector space (X, T) partially ordered by a pointed convex cone C. 
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A point a e A is a positive proper efficient point of A with respect to C if 
and only if there exists an open subset U of X such that 
(а) C C cone(U), and 
(б) cone(a -A)nU = 0. 
Proof. Let a be a point in the set Pos(A, C); then there exists a functional 
f G such that / (a ) ^ f{a) for any point a e A. On the other hand, let 
U represent the set {x e X \ f{x) > 1}. Since any point c G C\{Ox} can be 
represented as ^ ^ c for some number Ac G ]0, +oo[ such that /(Acc) > 1，it 
can be seen that C C cone([/). Note that the set a - A is included in the 
cone {a: e X 丨 f(x) < 0}, so cone(a - A) “ r r G X | / � ^ 0}, which 
implies that cone (a — A) OU 二 0. 
Conversely, let V be an open set satisfying conditions (a) and (6). By 
applying condition (6), there exist a functional g e X* and a number 7 G M 
such that 
9{x) < 7 < g{v) (1) 
for any points x e cone (a - A) and v eV. Notice that Ox G cone (a - A), 
thereby 7 > 0’ and so g{v) > 0 for any point v eV. With condition (a), the 
preceding inequality shows that g E C+�Since jux e cone(a — A) for any 
number e]0, +oo[ if x is a point in cone(a 一 A), inequality (1) implies that 
g{x) ^ 云，whence g{x) ^ 0. Therefore, g{a) ^ g{a) for any point a € A, 
which means that a G Pos(八 C). • 
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2.2 Type I Generalizations 
Being the central concern of this thesis, this section, together with the 
coming two sections, dissect various representative generalizations of the 
Arrow-Bar ankin-Blackwell Theorem ever since it was published in 1953. 
Based on Definition 2.1.16, any subset of a partially ordered topological 
vector space is devoid of positive proper efficient points if the quasi-interior 
of the dual cone for the ordering cone in question is empty. Therefore, to 
generalize the Arrow-Bar ankin-Blackwell Theorem, it is necessary to assume, 
explicitly or implicitly, that the dual cone of the ordering cone concerned has 
a nonempty quasi-interior; otherwise, this theorem is just nonsense under 
this setting, much less its generalizations. 
As pointed out by Gallagher and Saleh [13], there seems to be a trade-off 
between restrictions respectively placed on feasible sets and ordering cones in 
generalizing the Arrow-Bar ankin-Blackwell Theorem. Indeed, many existing 
results suggest that if stronger assumptions are placed on the ordering cone 
concerned, then comparatively weaker assumptions imposed on the feasible 
set concerned are sufficient to generalize the theorem, and vice versa. In this 
thesis, basically for ease of reference, the categorization of generalizations to 
be presented is more or less grounded on this principle, though such empirical 
remark still has not been confirmed or falsified up to the moment when 
this thesis goes to press. Nevertheless, this principle is at least a rule of 
thumb that helps with tracing how the Arrow-Bar ankin-Blackwell Theorem 
was generalized in the past. Moreover, it does highlight the crucial factors 
which must be taken into account in generalizing the theorem. Hence, the 
categorization adopted in this thesis is not completely unfounded. 
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Following the principle stated just now, the generalizations of the Arrow-
Barankin-Blackwell Theorem to be elucidated in this section are accordingly 
categorized as Type 1. A notable characteristic of results in this category is 
that stronger assumptions such as compactness are imposed on the feasible 
set in question, whereas weaker assumptions other than the one stated in the 
second paragraph are placed on the ordering cone concerned. 
At the very beginning, it is convenient to state a frequently used lemma, 
a celebrated result due to Fan. This lemma is usually employed to guarantee 
the existence of strictly positive functionals needed in generalizing the Arrow-
Bar ankin-Blackwell Theorem. 
Lemma 2.2.1. (Fan, [9], Thm. 1) Let A and B be two compact convex sets 
in their respective topological vector spaces, and let ^ be a real-valued function 
on the set Ax B. Suppose that, for any point be B, $(.，6) is a continuous 
convex function on the set A; and that, for any point a e A, .) is a 
continuous concave function on the set B. Then 
min max$(a, b) = maxmin$(a, 6), 
aeA beB beB aeA 
and so there exists a pair (a*, b*) e Ax B such that 
for any points a E A and b ^ B. 
To present the main result of this section, it is expedient to establish two 
lemmas first. In the following, the symbol J\f{Ox) is used to represent the 
family of all neighborhoods of Ox in a real topological vector space {X, 1); 
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and also for any set V e Af(Ox), the symbol V° is used to represent the polar 
of V, i.e., the set 
{ / G X* I 1/(^)1 < 1 for any point v G V}. 
Now consider the collection 
which is represented by D. Then a partial o r d e r i n g � i n D can be defined 
as follows: 
(ni, Vi) {ri2, V2) if ni ( n�and Vi D V2. 
The first lemma is about an elementary property related to this ordering. 
Lemma 2.2.2. ([33], Lemma 2.1) (D, is a directed set 
Proof. The re la t i on� i s evidently reflexive and transitive. Now let (ni, Vi) 
and (712， 2^) be two arbitrary elements in the set D. If n is taken to be the 
positive integer max{ni, 712} and V is taken to be the set V^ i A V"2, then (n, V) 
is an element in D such that {rii.Vi) •< {n,V), where n = 1,2. Hence, the 
lemma holds. 口 
The second lemma is about certain subsets of the dual cone for a cone in 
a real topological vector space. 
Lemma 2.2.3. ([33], Lemma 2.2) Let C be a weakly closed convex cone in 
a real topological vector space (X, X) whose topological dual separates the 
points of X, and suppose that the quasi-interior of the dual cone for C 
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is nonempty. For a given point p G C+% let the symbols A{n, V) and B(n, V) 
respectively represent the sets 
-p + ( \ / � n (7+) and I J tA{n, V), 
几 tVo 
where n is a number in Z+ and V is a set in AfiOx)- Then the following 
statements hold. 
(а) A{n,V)CC+\ 
(б) Vi) C B{n2,V2) whenever {ni.Vi)�(^2,^2)； —ere (n ,^ Vi) G D； 
1 = 1,2. 
(c) A point X belongs to C if and only if f{x) ^ 0 for any functional 
Proof. Since it is clear that A{n, V) C + C statement (a) holds. 
To prove statement (b), notice first that for any functional / G B(ni,Vi) 
there exist a number ji G ]0, +oo[ and a point pi G V^ 门 such that 
, / 1 _ . � 712 / 1 \ / = /i —P + Pi = — — P + —Pi \ni / ni \712 n2 / 
for some number n2 G Since {ni,Vi) ：< (712,^ 2), it follows from the 
definition of the partial order ing� that Vi 3 and 0 ^ ^ < 1. As a 
result, 
� 1 = (1 - ！^) Ox* + -Pi e v,^ n C7+ g 1^2。n 
712 \ ^2/ 712 
and thus 
f 二〜(-P + G C 5(712, 1^2). 
rii \n2 n2 / rii 
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Hence, 5(ni,Vi) C 妳2，V^2). 
To prove statement (c), notice first that, by Proposition 1.1.13, if C is a 
weakly closed convex cone, then a point x belongs to C if and only if f{x) ^ 0 
for any functional / G C^. Moreover, it is true that 
( \ 
= cl U B{n, V) . (1) 
To show that C cl (U(n,y)GS) B�n, , let g be any functional in the dual 
cone and let V be the set {x e X \ \g{x)\ < 1}; then it can be seen that 
y is a neighborhood of Ox- Since G V " � 门 i t follows that for a given 
functional p G C+, 
-p-^geA{n,V)CB{n,V). 
n 
Seeing ^p + g ^ g a s n - ^ +oo, 
/ \ 
^Gcl(5(n,y))Ccl U B{n,V). 
Furthermore, as the reverse inclusion 
( \ 
D cl U B{n,V) 
J 
is apparent, equality (1) holds. Therefore, a point x belongs to C if and only 
if f { x ) � 0 for any functional f G U(n,y)€S V). • 
Now it is time to state and prove the main theorem in this section, which 
is due to Zheng. 
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Theorem 2.2.4. ([33], Thm. 3.1) Let {X, X) be a real topological vector 
space whose topological dual X* separates the points of X, and let A be a 
nonempty compact convex subset of X. If X is partially ordered by a weakly 
closed convex cone C whose dual cone has a nonempty quasi-interior, then 
E{A,C)Cc[{Fos{A,C)). 
Proof. Notice first that a point a e E{A, C) (resp. Pos(A, C)) if and only if 
Ox e E{A - a, C) (resp. Pos(A - a, C)). Moreover, the compactness of the 
sets A and A - a are evidently equivalent. Consequently, it may be assumed 
without loss of generality that Ox e E(A, C); thus, the aim of this proof is 
to show that Ox € cl(Pos(A, C)). 
For any pair (n,V) G D, the Alaoglu Compactness Theorem shows that 
V° is weakly* compact in X*; hence, A(n, V) is a weakly* compact convex 
subset of X*. Now define a function ^ : Ax A(n, y ) -> R by declaring that 
^aj) = f{a) 
for any pair (a , / ) e Ax A{n, V). Then it can be seen that this function 
satisfies the premise of Lemma 2.2.1 on the set A x A{n,V). As a result, 
there exist a point a(n,y) G A and a functional f(n,v) G A(n, V) such that 
/ ( ’ , V 0 ) ^ f{ny) ‘ / ( n ’ \ 0 � � 
for any point ae A and any functional f G A{n, V), which implies that the 
point a(n,v) G Pos(A, C). Since Ox G A, it follows from inequality (1) that 
f {ain,v)) ^ 0 (2) 
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for any functional f G A{n,V). On the other hand, as (^Kn’v))(n’ioeD is a 
net in Pos(A, C) by Lemma 2.2.2, the compactness of A implies that there 
exists a subnet of (<^ (n，\o)(n converging to some point a! G A, whence 
a'Gcl(Pos(A,C)). 
Now what remains to be shown is that a' = Ox- Without loss of generality, 
it can be assumed that a^ny) 一 a'； therefore, 
f {ain,v)) — m (3) 
for any functional f e U(n，\0e2) B(n, V). Notice that for any such functional 
f there exists a pair {n', V) G D such that f G B{n',V'). As a result, by 
statement (3), there exists a pair (n"，V") G D such that (n', V ) � ( n "，V " ) 
and 
/(a') < f (a«v〃)）+ e， （4) 
where e is a prescribed number in ]0, +oo[. Since f G B{n", V") by statement 
{b) of Lemma 2.2.3, there exist a number t G ]0, +oo[ and a functional g G 
A(n", V") such that f = tg. Consequently, it follows from inequality (2) that 
f = tg {a^n"y")) < 0. 
Hence, f(a') < e by inequality (4), which implies that / (a ' ) < 0 because 
the number e is arbitrary, and thereby / ( - a ' ) ^ 0 for any functional f G 
U(n 召(几,V). Accordingly, by statement (c) of Lemma 2.2.3, the point 
-a! G C, and so -a' G A (7. Finally, notice that Ox € E{A,C), thus 
一 = which implies that a' = Ox- 口 
Since any closed convex set is also weakly closed in a Hausdorff locally 
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convex space whose topological dual separates the points of X，the 
corollary below follows immediately from Theorem 2.2.4. 
Corollary 2.2.5. ([33], Cor. 3.1) Suppose that (X,T) is a real Hausdorff 
locally convex vector space partially ordered by a closed convex cone C whose 
dual cone has a nonempty quasi-interior. If A is a nonempty compact convex 
subset of X. Then 
E{A,C)Cc\{Fos{A,C)). 
If the feasible set in question is assumed to be weakly compact, a weaker 
assumption than compactness, then it is easy to see that by mimicking the 
proof of Theorem 2.2.4 with appropriate amendments, the following corollary 
holds. 
Corollary 2.2.6. ([33], Remark 3.1) Let (X,X) be a real topological vector 
space whose topological dual X* separates the points of X, and let A he a 
nonempty, weakly compact, convex subset of X. If X is partially ordered by 
closed convex cone C whose dual cone has a nonempty quasi-interior, then 
E{A,C)Cw-c\{Fos{A,C)). 
The example below illustrates how Corollary 2.2.6 is applied in a concrete 
situation. 
Example 2.2.7. ([10], Thm. 3.2) Let ^ be a nonempty, weakly compact, 
convex subset of the real Banach space partially ordered by its nonnegative 
orthant C. Notice that the quasi-interior of the corresponding dual cone 
is nonempty; for instance, the linear functional (p : —> M given by 
+00 
1=1 
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for any element x G where x = {xi), belongs to C+�As it is clear that 
separates the points of 严，E(A, C) C w-cl(Pos(A, C)) by Corollary 
2.2.6. 
Thanks to Propositions 2.1.5, 2.1.7, 2.1.19 and 2.1.20, the next corollary 
also follows immediately from Theorem 2.2.4. 
Corollary 2.2.8. ([33], Remark 3.1) Let (X,T) be a real topological vector 
space whose topological dual X* separates the points of X, and let A be a 
nonempty, compact, C-convex subset of X. If X is partially ordered by a 
closed convex cone C whose dual cone has a nonempty quasi-interior, then 
E{A, C) 二 丑(co(A)，C) C cl(Pos(或 C)) = cl(Pos(co(A), C)). 
Remark. By virtue of Propositions 2.1.5，2.1.7, 2.1.19 and 2.1.20, quite 
a few generalizations of the Arrow-Bar ankin-Blackwell Theorem mentioned 
in this thesis still hold whenever the convexity assumption imposed on the 
feasible set being considered is weakened to C-convexity, where C is the 
ordering cone concerned. Hereafter, for the sake of economy, this form of 
generalizations will be omitted if appropriate. 
The coming corollary is due to Gallagher and Saleh. By introducing the 
notion of Gallagher-Saleh D-cones, they succeeded in generalizing the Arrow-
Bar ankin-Blackwell Theorem to some important Riesz spaces such as P and 
LP, where p G [1, +oo]. Indeed, as revealed in Section 1.3.1，the nonnegative 
orthants in the Riesz spaces / i ， 丄 丄 ， a n d C[a, b] do not have weakly 
compact bases; in particular, those in the Riesz spaces P and where 
p G]1, +OO[, do not have even bounded bases. Notwithstanding such fact, all 
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these nonnegative orthants are Gallagher-Saleh D-cones, which was shown 
in Section 1.3.5 and [6]. Moreover, a number of cones in real locally bounded 
topological vector spaces are Gallagher-Saleh D-cones; in fact, by Proposition 
1.3.5.2, any weakly closed convex cone in a real locally bounded topological 
vector space whose points are separated by the corresponding topological 
dual is a Gallagher-Saleh D-cone if the quasi-interior of the dual cone in 
question is nonempty. Prom this point of view, their result does surpass 
those requiring ordering cones to have compact or weakly compact bases. 
Corollary 2.2.9. ([13], Thm. 2.6) Let {X,X) be a dual system overR such 
that X is equipped with the topology induced by X and X is equipped with a 
topology in which〈.，/) is continuous for any element f e X, and let A he a 
nonempty subset of X. IfX is partially ordered by a Gallagher-Saleh D-cone 
C and there exists a compact convex subset B of X such that AC B C A-\-C, 
then 
E{A,C)Cc[{Fos{A,C)). 
Proof. Notice first that according to Definition 1.3.5.1，the quasi-interior 
of the dual cone for C is nonempty. Moreover, as explained in the 
paragraph immediately after Definition 1.3.5.1，C is closed and convex. Since 
the topology of X is locally convex, C is also weakly closed by Mazur's 
Theorem. Finally, observe that (X, X) is a dual system, so, in view of the 
definition on p. 47, X separates the points of X, Hence, the result of this 
corollary follows from Theorem 2.2.4. • 
The following corollary is a local version of Theorem 2.2.4 due to Zheng. 
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Corollary 2.2.10. ([33], Cor. 3.2) Let {X, X) be a real topological vector 
space whose topological dual X* separates the points of X, and let A he a 
nonempty closed convex subset of X. Suppose that X is partially ordered 
by a weakly closed convex cone C whose dual cone has a nonempty quasi-
interior. If a is a point in the set E(A, C) such that the set + A A “ 
compact for some convex neighborhood V of Ox, then a G cl(Pos(A, C)). 
Proof. For any neighborhood U of Ox, there exists a neighborhood W of Ox 
such that ly g 门 In order to prove this corollary, it suffices to show 
that the set + VK) n Pos(式 C) is nonempty. Since + 门 乂 is both 
compact and convex, and also a G E{{d-\-V)nA, C), it follows from Theorem 
2.2.4 that a e cl(Pos((a + V) A A (7)). Consequently, there exists a point 
a e Pos((a + n A, C) such that d e d-\-W; hence, what remains to be 
shown is that d G Pos(A, C). 
To this end, notice first that there exists a functional f G such that 
m ^ m ⑴ 
for any point rr G (a + V) n A. Seeing the set ^V is a neighborhood of Ox, 
for any point aeA there exists a number t € ]0,1[ such that t{a — a) e ^V. 
Moreover, as A is convex, d + t(a - a) = (1 - t)a -h ta e A. On the other 
hand, observe that 
d + t ( a - d ) G (a + I v ] + V = a + V, 
2 \ I J I 
so a 4- t{a 一句 G (在 + 10 n A. Therefore, it follows from inequality (1) that 
/ (d + t{a 一 d)) ^ / ⑷，whence f(a) ^ / ⑷，and thus d e Pos(A, C). • 
The corollary below, which is due to Gallagher and Saleh, is just a special 
case of corollary 2.2.10 in real normed spaces. 
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Corollary 2.2.11. ([13], Cor. 2.10) Let {X, || • ||) be a real normed space 
partially ordered by a closed convex cone C whose dual cone has a nonempty 
quasi-interior, A a nonempty subset of X, and a a point in the set E{A, C). 
If either 
(a) A is convex and the set 
At{a) ：二 {tt € A I \\a — a\\ ^ t} 
is compact for some number t G ]0, +oo[，or 
(b) A is C-convex and the set 
{A + C)t{a) :={xeA-}-C\\\x- all ^  t} 
is compact for some number t G ]0, +oo[， 
then a G cl(Pos(A, C)). 
Proof. Since At{d) = a + tBx for any number t G ]0, +oo[, Corollary 2.2.10 
shows that the conclusion of this corollary holds if condition (a) is satisfied. 
On the other hand, if condition (b) is fulfilled, then Proposition 2.1.5 and 
condition (a) imply that a e cl(Pos(A + C, C)). Hence, by Proposition 
2.1.19, the conclusion also holds in this case. • 
2.3 Type II Generalizations 
The generalizations of the Arrow-Barankin-Blackwell Theorem in this 
section are categorized as type II. A prominent characteristic of this type of 
generalizations is that stronger assumptions are imposed on ordering cones 
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when compared with those detailed in the preceding section; for instance, 
certain ordering cone being considered is required to have a bounded base. 
Particularly, in the setting of a general infinite dimensional normed space, 
Ferro [11] pointed out that conditions placed on the ordering cone concerned 
directly affect the form of generalizations yielded. Studies actually tend to 
suggest that in such setting more restrictive assumptions are needed for the 
ordering cone in question to assure that the set of positive proper efficient 
points of a weakly compact convex set is dense in the set of efficient points 
(e.g., q.v. [19], [28], or [13]), whereas weaker assumptions are only capable of 
guaranteeing that the set of positive proper efficient points of the same set 
is weakly dense in the set of efficient points (e.g., q.v. [10]). 
Another remarkable characteristic of type II generalizations is that they 
are only applicable to subsets of locally convex vector spaces instead of those 
of general topological vector spaces. Nevertheless, type II generalizations 
do share a characteristic with those of type I: some kind of compactness 
conditions are imposed on feasible sets. 
The first result to be introduced is a local version of generalized Arrow-
Barankin-Blackwell Theorem mainly due to Zheng [33 . 
Theorem 2.3.1. Let (X, T) be a real locally convex vector space partially 
ordered by a closed cone C with a base, A a nonempty closed convex subset 
of X, and a a point in the set E{A, C) such that the set (a + VQ n A is 
relatively weakly compact for some convex symmetric neighborhood V ofQx. 
If e is a base of the cone C such that Q CV, then the set 0+V)nPos(A C) 
is nonempty. 
Proof. Without loss of generality it may be assumed that 5 二 0；^, so the 
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fact to be shown here is that the set V A Pos(4，C) is nonempty. Let the 
symbol V represent the set cl {\V) and take a neighborhood U of Ox such 
that U C IV. Then + A — 0 for any point x e V; therefore, 
x-{-Ux = Vx for some points u ^ ^ U and v：^, G \V. Consequently, 
which means that V CV. 
Let the symbol 0 represent the set then © is still a base of the cone 
C. Moreover, as 0 C F, G C i y C ^V. Now observe that Ox G E{A,C), 
or equivalently 一A A = {Ox}, thereby -A fl cl(0) = 0. In addition, as 
A n i ^ c A n t ^ i s weakly compact, and so is the set -{A fl V). 
Accordingly, since 一 ncl (0) = 0’ there exist a functional f e X* and 
a point d£ AnV such that the following inequality holds: ^ 
f{-~a) = sup f{-a)<mif{0). (1) 
aeAnv 抬® 
Now designate the quantity inf^ ^Q f{6) as r. Obviously, the set 
{xeX\\f{x)\<f{a)^r} 
is a neighborhood of Ox- As X is a locally convex vector space, there exists 
an open convex neighborhood Wi of Ox such that 
“ i ? n {o； e JH l /WI < / ⑷ 付 } . 
Also it is true that 0 + H^ i C {x G X | f{x) > - / ( a ) } n To see this, let 
X be an arbitrary point in the set 0 +Wi； then x 二 +让x for some points 
tE.g., q.v. [24], Thm. 2.2.28. 
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6x e S and w^ ^Wi . Therefore, 
f{x) 二 m) + / K ) � r - r - f ( d ) = - m . 
On the other hand, 
e + H^ i c e + i y c i y + i y = y； 
hence, the assertion follows. Since Ox 朱 cl(6), there exists an open convex 
neighborhood W2 of Ox such that 0叉雀 0 + VF2. Now let W represent the 
set Wi n W2； then 
e + WC{xeX\ f{x) > - / ( a ) } n V. (2) 
As a e A n g it remains to show that a G Pos(A, C). Since 
C = cone(0) C cone(6 + W) and C is pointed by Proposition 1.1.8, in view 
of Proposition 2.1.21, it suffices to show that 
cone(a - A) H (6 + = 0. 
Suppose for reductio that this is false; then there exist two points 6 eQ-{-W 
and de A and a number t G ]0, +oo[ such that 0 = t{a- d), or equivalently 
a = a — jO. Now notice that A is convex and Ox € A, so j ^ a G A. On 
the other hand, as = ^^a + 句，it follows from the convexity and 
symmetry of V that j^d e V. Consequently, in view of inequality (1), 
m ^ f . (3) 
乂 1+力 / 
However, by statement (2), 
/ = i V � - < ih 例+rh 例=例, 
which contradicts inequality (3), whence a G Pos(A, C). • 
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The next two corollaries require the respective ordering cones in locally 
convex vector spaces to have bounded bases. 
Corollary 2.3.2. ([33], Cor. 3.4) Let {X, T) be a real locally convex vector 
space partially ordered by a closed cone C possessing a bounded base Q, A a 
nonempty closed convex subset of X, and a a point in the set E{A,C). If 
there exists a neighborhood V of Ox such that the set (茂 + V") A A “ relatively 
weakly compact, then a G cl(Pos(A, C)). 
Proof. Notice first that for any neighborhood U of Ox there exists a convex 
balanced neighborhood of such that l y � f / n As + n A) C 
cl((互+VQnyl)，the set ( 吞 i s also relatively weakly compact. Moreover, 
since 0 is bounded, there exists a number t G ]0, +oo[ such that tQ C W. 
Consequently, as tO is still a base for the cone C, it follows from Theorem 
2.3.1 that (S + HO n C) + 0. Therefore, + [/) n Pos(A C) + 0, 
which implies that a G cl(Pos(A, C)). 口 
Corollary 2.3.3. ([13], Thm. 3.1) Let (X, X) be a real Hausdorff locally 
convex vector space partially ordered by a cone C with a closed hounded base, 
and let A be a nonempty subset of X. If there exists a nonempty, weakly 
compact, convex subset B of X such that AC B C A + C, then 
E{A,C)Cc[{Fos{A,C)). 
Proof. Let a be any point in the set E{A, C), and let F be a closed convex 
neighborhood of Ox- Notice first that C is closed by Proposition 1.1.10, and 
that a G E[B, C) by Proposition 2.1.5. Since the set (互 + 门召 is weakly 
compact, it follows from corollary 2.3.2 that a G cl(Pos(B, C)). Finally, 
Proposition 2.1.19 shows that a G cl(Pos(A, C)), as desired. • 
Chapter 2. Generalizations in Topological Vector Spaces 87 
To prove the coming corollary, which is a local version of Corollary 2.3.3, 
a simple lemma is needed. 
Lemma 2.3.4. ([13], Lemma 2.9) Let A be a nonempty subset of a normed 
space (X, II. II)，f ： A R a convex function, a a point in A, and e a 
number in ]0,+oo[. If there exists a point a* € A*(a), where the symbol 
A*{d) represents the set {a e A \ \\a - d\\ < e}，such that f{a*) ^ / (a) for 
any point a G A*(a), then f{a*) ^ / (a ) for any point a e A. 
Proof. Let a be an arbitrary point in the set A] then there exists a number 
t e [0,1[ such that ta* + (1 - t)a € A*(a). To see this, notice first that 
ta* + (1 - t)a G A by the convexity of A. If 0 ^ ||a 一 a\\ < e, then for any 
number t G [0,1[, 
|(ta* + (1 — t)a) 一 all = \\t{a* - a) + (1 - t)(a - a)\ 
^ t\\a* — a\\ + (1 — t)\\a — a\ 
< te + (1 - t)e 
=e. 
On the other hand, if ||a - a|| ^ e, then \\{ta* + (1 — t)a) - a|| < e for any 
number t G "J:丨二丨丨丨二丨丨，1 . Consequently, for the point a e A, there exists 
a number t G ]0,1[ such that 
/(a*) ^ f{ta* + (1 - t)a) ^ tf{a*) + (1 - t)f{a), 
and thereby /(a*) ^ / (a). 口 
Corollary 2.3.5. ([13], Cor. 3.2) Let (X, || • ||) be a real normed space with 
an ordering cone C possessing a closed hounded base, A a nonempty subset 
of X, and a a point in the set E{A, C). If either 
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(a) A is convex and for some number t G ]0, +oo[ the set 
At{a) := {ae A \ \\a 一 a\\ ^ t} 
is weakly compact, or 
(b) A is C-convex and for some number t G ]0, +oo[ the set 
{A + C)t(a) := {rr€ A + - a|| < t} 
is weakly compact, 
then a G cl(Pos(A, C)). 
Proof. Assume first that condition (a) holds. Let e be a number in the 
interval ]0,t], and, like Lemma 2.3.4, let the symbol A*(a) represent the set 
{aeA\\\a- all < e}. Since At{a) C A, it follows that a G E{At{d), C). As 
the set At{a) is both convex and weakly compact, it follows from Corollary 
2.3.3 that a G cl(Pos(^(a), C)). Hence, there exist a point a* G A*(a) and 
a functional f G such that /(a*) ^ / (a) for any point a G A*(a). Then, 
by applying Lemma 2.3.4，f{a*) < / (a) for any point a e A, which means 
that a* e Pos(A, C). Finally, as the number e is arbitrary, a e cl(Pos(A, C)). 
If condition (b) holds, then by the argument in the preceding paragraph, 
together with Propositions 2.1.5 and 2.1.19, the result is easily seen to be 
true. 口 
Since any weakly closed and bounded subset of a reflexive normed space 
is weakly compact, the next corollary follows directly from Corollary 2.3.5. 
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Corollary 2.3.6. ([13], Cor. 3.3) Let (X，|| . ||) be a real reflexive normed 
space partially ordered by a cone C with a closed hounded base, and let A be 
a nonempty subset of X. If either A or A-\-C is closed and convex, then 
Ccl(Pos(AC)) . 
The following corollary, which is due to Jahn, is a special case of Corollary 
2.3.5. 
Corollary 2.3.7. ([19], Thm. 3.1) Suppose that {X, || . ||) is a real normed 
space partially ordered by a nontrivial Bishop-Phelps cone C, A a nonempty 
convex subset of X, and a a point in the set E{A, C). If the set 
{ae A\\\a- a\\ < 1} 
is weakly compact, then a € cl(Pos(A, C)). 
Proof. Since any nontrivial Bishop-Phelps cone has a closed bounded base by 
Proposition 1.3.2.3, the result follows immediately from Corollary 2.3.5. • 
Another group of main results in this section generalizes the Arrow-
Barankin-Blackwell Theorem to certain normed spaces. In the remaining 
part of this section, X is a locally convex topology of X coarser or equal 
to the original norm topology such that any X-compact subset is bounded. 
Before going any further, a lemma about the efficient points of a X-compact 
set is needed. 
Lemma 2.3.8. ([25], Lemma 4.2) Let (X, || • ||) be a real normed space with 
a closed ordering cone C possessing a enlargement (Cn)nGZ+； o/nd let A be 
a nonempty %-compact convex subset of X. Then for any point a G E{A, C) 
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there exists a sequence (a„)nez+ with an G E{A, Cn) for each number n G 
such that limn—+00 dist(an, a — C) = 0. Hence， 
Ccl (Pos(AC) + C). 
Proof. For the brevity of presentation the symbol An will be used to represent 
the set (a - (7几)A A for each number n G Z+; then, by Lemma 2.1.10, 
E { A n , Cn) C E{A,Cn)' Siiice the set A is X-compact and each cone Cn is 
T-closed, every set An is X-compact. Consequently, by Proposition 2.1.11, 
the set E[An, Cn) is nonempty. Now pick a point an from E{An, Cn). Since 
an e An C a - C n , a - an e Cn. Moreover, as the family (Cn)n€Z+ is a T-
enlargement of the cone C and the sequence {an)n£Z+ is bounded, it follows 
from Definition 1.2.1 that limn—+00 dist(a - a饥、C) = 0，whence 
lim dist(a^, a — C) = 0. (1) 
n—+00 
Notice that E{A, Cn) C Pos(^, C) by Definition 1.2.1 and Proposition 2.1.18, 
so an e Pos(A, C) for each number n 6 Z+. Therefore, in view of equality 
(1), C) C cl(Pos(A, C) + C). • 
Now the results yielded by Ng and Zheng can be stated and proved. 
Theorem 2.3.9. ([25], Thm. 4.1) Let (X, || . ||) be a real normed space with 
a closed ordering cone C having a base，and let A be a nonempty, weakly 
compact, convex subset of X. Then for any point a G E{A, C) there exist 
two sequences (an)nez+ and {cn)nez+ respectively in Pos(A, C) and C such 
that an ^ a as n +00 and limn->+oo H^ n + Cn - a|| = 0; particularly, 
a e w-cl(Pos(A，C)). 
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Proof. Notice first that by Example 1.2.3 the cone C has a weak-enlargement. 
Then, by applying Lemma 2.3.8, there exist two sequences {an)nez+ and 
{cn)nez+ respectively in Pos(A, C) and C such that 
lim \\an + Cn - a|| 二 0. � 
n—+00 
Since the set A is weakly compact, it follows from the Eberlein-Smulian 
Theorem that the sequence (an)nez+ has a weakly convergent subsequence. 
Without loss of generality it may be assumed that there exists a point a e A 
such that a n ^ a as n - ^ +oo. Now observe that, by equality (1)，a^ +Cn a 
as n — +00, s o c n ^ a - a d i s n ^ +oo, and thereby a - a G C, for the cone 
C is weakly closed. Furthermore, since a G E{A, C),(在一A) n C = {Ox}, 
which implies that a - d 二 0叉.Therefore, Cn Ox as n -> +oo. Finally, it 
follows from equality (1) again that a as n — +oo. 口 
Theorem 2.3.10. ([25], Thm. 4.2) Let (X, || . ||) be a real normed space 
partially ordered by a closed cone C with a base such that any sequence in 
C converging to Ox weakly also converges to this point If A is a nonempty, 
weakly compact, convex subset of X, then 
E{A,C)Cc\{Fos{A,C)). 
Proof. Notice that, by Theorem 2.3.9, if a is an arbitrary point in the set 
E{A,C), then there exist two sequences (an)nez+ and (cn)n€Z+ respectively 
in Pos(A，C) and C such that a^ a as n +oo and 
lim ||an + Cn — a\\ = 0. � 
n—^+oo 
Therefore, Cn ^ Ox as n +oo. Consequently, based on the conditions 
imposed on the cone C, Cn Ox as n ^ +oo. Therefore, by equality (1), 
ttn ^ a as n ^ +oo, and so a G cl(Pos(^, C)). 口 
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The corollary below requires that the real normed space in question to be 
partially ordered by a quasi-Bishop-Phelps cone, thus generalizing the result 
obtained by Petschke [28 . 
Corollary 2.3.11. ([25]，Thm. 4.3) Let (X, || • ||) be a real normed space 
partially ordered by a based quasi-Bishop-Phelps cone C. If A is a nonempty, 
weakly compact, convex subset of X, then 
E{A, C) Ccl(Pos(A, C)). 
Proof. Notice first that any quasi-Bishop-Phelps cone is closed by Definition 
1.3.3.1. Since, in view of Proposition 1.3.3.2, any sequence in the cone C 
which converges to Ox weakly also converges to this point, the result follows 
immediately from Theorem 2.3.10. • 
2.4 Type III Generalizations 
The generalizations of the Arrow-Barankin-Blackwell Theorem in this 
section are categorized as type III. The most remarkable feature of this type 
of generalizations is that no compactness conditions, or any similar ones, are 
imposed on the feasible set in question, which is quite a contrast to the results 
detailed before. However, the corresponding ordering cone being considered 
is required to have a weakly compact base, so, as revealed in Section 1.3.1, 
the applicability of the results in this section may be circumscribed. 
The following result is due to Ng and Zheng. 
Theorem 2.4.1. ([25], Thm. 4.4) Let (X，|| . ||) be a real normed space with 
an ordering cone C having a weakly compact base, and let A he a nonempty 
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closed convex subset of X. If a is a point in the set E{A, C) such that the set 
A n B r � is complete for some number r G ]0, +00[，then a G cl(Pos(A, C)). 
Hence, E{A, C) C cl(Pos(A, C)) if A itself is complete. 
Proof. Let 9 be a weakly compact base of the cone C such that the number 
S •= inf^ee W\ > 1. As for each number n G Z+ the set O + ^Bx is weakly 
closed, it is certainly closed. Consequently, it follows from Proposition 1.1.10 
that the cone generated by this set, i.e., the set cone (6 + ^Bx), which is 
represented by the symbol Cn, is also closed. Moreover, as Cn is convex by 
Proposition 1.1.8, by virtue of Mazur's Theorem, it is weakly closed. Since 
the set represented by the symbol A{r), is complete, and a fortiori 
sequentially complete, so is the set A(r)n(互-Cn). As a result, by Proposition 
2.1.14, the set E{A{r)门（吞—Cn), Cn) is nonempty. 
Now pick a point a^ from each set E{A{r) fl (a - Cn), Cn)', then 
an = a -tn (On + � 
\ 饥） 
for some points ^^ G © and bn G Bx, and some number tn G [0，+00 • 
Therefore, 
\\d — an\\ r 
、=ll^n + ^ n^l \ 口 
for each number n G Z+, and thereby (tn)nez+ is a bounded sequence. It may 
be assumed without loss of generality that 艺打—亡 and ( 9 打 a s n — +00, 
where t is a number in [0, +oo[ and ^ is a point in 0 , for 6 is weakly compact. 
Hence, in view of equality (1), a — 树 as n — +00. Since A is closed 
and convex, it is also weakly closed by Mazur's Theorem. Consequently, 
互一 e A n (沒一 c). Seeing a G E(A, C), A n (S - C^ = {a}, and thus 
Chapter 2. Generalizations in Topological Vector Spaces 94 
to = Ox, which shows that 右二 0 because Ox ^ B by Definition 1.1.7. As the 
sequence {On + i® bounded, 
lim 谷一 a � = l i m |tn| On + _bn 二 0, 
n—>+oo n—>•+00 Tl 
whence a � — 3 as n — +oo. 
It remains to show that an G Pos(A, C) whenever the number n G 
is large enough. To this end, by picking a subsequence if necessary, it may 
be assumed without loss of generality that \\an - a|| < § for each number 
n G Z+. In this way, A A (a几)C A A •(句 二 for each number 
n G Since, by Lemma 2.1.10 and Proposition 2.1.18, 
E{A{r) n ( a - C,)，Cn) C E{A{r), Cn) C Pos(A(r)，C), 
there exists a functional fn G such that 
fn{an) ^ fn{a) � 
for any point a G A{r). On the other hand, if a is any point in 
then IIa - a � > \ for each number n G Z+. Now consider the point a^ + 
^ ^ ( a - a , ) ; then 
T r 
ttn + o (a - an) - an ^ 
2 a — an 2 
Moreover, seeing 2\\a-an\\ < 工 and ^ is convex, 
Hence, a^ + 2 "二| _ ^ and so, by inequality (2), 
/ r \ 
f n M ^ fn + - ( a - a n ) , 
v 2 a - an / 
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which means that fn{an) ^ /n(a). Therefore, in conclusion, f n M ^ fn{a) 
for any point a G A, and thus an G Pos(A, C) for each number n G Z+. • 
Since any closed subset of a Banach space is complete, the following result, 
which is due to Ferro, is just an immediate consequence of Theorem 2.4.1. 
Corollary 2.4.2. ([11], Thm. 3.1(iii)) Let {X, || • ||) be a real Banach space 
partially ordered by a cone C with a weakly compact base. If A is a nonempty 
closed convex subset of X, then 
E{A,C)Cc\{Fos{A,C)). 
As shown in Section 1.3.1, many cones in usual sequences or functions 
spaces do not have bounded bases, so it is useful to give an example to which 
Theorem 2.4.1 is applicable. 
Example 2.4.3. ([11], Ex. 3.1(a)) In the real Hilbert space consider the 
Lorentzian conet (j, i.e., the set 
[ n=2 J 
Now define a functional / : R by letting g{x) 二 ：ri for any element 
X e where x = (xn)； then the set {x e C \ g{x) = 1}, represented by 9 , 
is a weakly compact base for the cone C. To see this, notice first that 
e = <X£C X = {Xn), Xi = 1, ^ool < 1 > . 
[ n=2 J 
Hence, 
+00 
ll^ll ：=. \0n\' ^ V^ 
> n=l 
tE.g., q.v. [27]，p. 12. 
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for any point 0 eQ, where 6 二〈没ri〉； therefore, O is bounded. Since 6 is also 
weakly closed, it follows from the reflexivity of P that 6 is weakly compact. 
Hence, Theorem 2.4.1 can be applied in this situation. 
Chapter 3 
Generalizations in Dual Spaces 
Contrasting with Chapter 2, which basically recounts generalizations of 
the Arrow-Barankin-Blackwell Theorem in topological vector spaces without 
contemplating the preduals concerned, this chapter treats of generalizations 
of this theorem in the respective topological duals of certain normed spaces. 
The impetus to these studies largely springs from the fact that a linear 
functional from the predual concerned usually has a simpler representation. 
Moreover, this linear functional receives a more appropriate interpretation in 
practical problems emerging in disciplines like mathematical economics. For 
example, assume now that the dual space in question is l^. It is well known 
that the predual and the topological dual of this space are respectively 
and 6a(2^), the AL-space of all signed measures of bounded variation on the 
(T-algebra of all subsets of N (e.g., q.v. [1], Ch. 13). If represents an 
economy with countably many commodities, then an element • : = � ( / > ) � € 
can be interpreted straight as a pricing system such that signifies the price 
of the jth commodity. However, in the space ba{2^) this interpretation for 
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an arbitrary element seems obscure (cf. [12]). 
Generalizations of the Arrow-Barankin-Blackwell Theorem taking this 
line initially only focused on certain concrete Banach spaces such as 
and (e.g., q.v. [26] or [23]). Nevertheless, all results in this chapter are 
applicable to general normed spaces, which certainly include the spaces just 
mentioned. It should be noted that there are only limited results of this 
kind available up to the moment when this thesis goes to press. Therefore, 
it seems that a lot of work concerning such generalizations may be needed in 
the future. 
There are three sections to this chapter. Section 3.1 attends to some 
basic notions required in the studies. Equipped with this work, the other 
two sections respectively expound certain remarkable generalizations of this 
kind. Firstly, Section 3.2 details a result applicable to the topological dual of 
a general normed space. Afterwards, Section 3.3 elucidates a generalization 
particularly applicable to the topological dual of a Banach space. 
3.1 Weak*-Support Points of a Set 
Let (X, X) be a real topological vector space equipped with an ordering 
cone C whose dual cone is pointed. Similar to Definition 2.1.1, if F is 
a nonempty subset of the topological dual X* of X , then a point / € F is 
called an efficient point of F with respect to if 
The set consisting of all such points will be hereafter symbolized as E[F, C+)， 
which resembles the notation introduced in Section 2.1. Seeing that most 
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generalizations of the Arrow-Barankin-Blackwell Theorem to be detailed in 
this chapter mainly focus on points that can be supported by certain classes 
of functionals from the preduals concerned, it is necessary to introduce the 
following definition. 
Definition 3.1.1. Let {X,X) be a dual system of vector spaces overR with a 
bilinear form (x, x) {x, x) from XxX into R, F a nonempty subset of X, 
and V a nonempty subset of X\{Ox}' A point f e F i s called a V-weak* 
support point of F if there exists a point v* e V such that {v*, /*) < {v*, f) 
for any point f e F. The set of all these points is symbolized as V-supp(F). 
The concept of weak* support points indeed encompasses positive proper 
efficiency introduced in Section 2.1. To see this, consider the dual system 
in which (X, X) is a real topological vector space with X* being its 
topological dual, such that the bilinear form is given by = x*{x) for 
any pair €X*xX. Moreover, let X be partially ordered by a pointed 
convex cone C whose dual cone C+ is pointed, and let A be a nonempty 
subset of X . If the quasi-interior of the dual cone is nonempty, then it 
can be seen that Pos(A, C) = C+'-supp(A). 
Like Section 1.1, the symbol C^ will be used in the remaining part of this 
chapter to represent the set 
{ceC\ f{c) > 0 for any functional f e 
where C is a convex cone defined in a real topological vector space {X, X). 
On the other hand, the symbol will be used to represent the quasi-
interior of the dual cone (7+ for C; hence, is a subset of X**, the 
second topological dual of {X, X). With this notation, a result concerning 
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the inclusion relations between the sets mentioned above can be stated. Since 
this result follows directly from the respective definitions of these sets and 
similar argument employed in proving Proposition 2.1.17, it is stated without 
proof. 
Proposition 3.1.2. Let (X,X) be a real topological vector space with an 
ordering cone C whose dual cone (7+ is pointed. If F is a nonempty subset 
of the topological dual X* of (X, %), then 
C^-supp(F) C (C+严-supp(F) C 丑(F,C+). 
Remark. The set (C+)+'-supp(F) is usually symbolized as Pos(F, (7+) in 
literature. 
Before ending this section, a remark about the support functionals to be 
employed in this chapter should be made. If (X, || • ||) is a normed space, 
then, in the coming two sections, all support functionals are restricted to be 
either nonnegative or strictly positive elements in X, the closure of the range 
of the canonical embedding Jx X — X**. 
After establishing the necessary preliminaries, elucidation of the main 
results in this chapter can be started. 
3.2 Generalizations in the Dual Space of a 
General Normed Space 
In this section, (X, || • ||) is assumed to be a real normed space partially 
ordered by a pointed, convex, generating cone C (q.v. Def. 1.1.1). Based on 
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this assumption, the dual cone C+ for C is pointed by Proposition 1.1.12. 
As a result, can be used to induce a partial ordering in X* (q.v. p. 9). 
In the theory of vector optimization, it is useful to find sufficient conditions 
assuring that the set C^-supp(F) is dense in the set E�F, C+) for a nonempty 
subset F of X*. The work to be expounded in this section was primarily 
initiated by Gallagher [12]. However, he was unable to provide any reasonable 
sufficient conditions in [12] to guarantee that E{F, C+) C cl(CP-supp(F)) or 
E(F, C+) C w*-cl(C^-supp(F)), and instead he considered the density of the 
set E{F, C+) n (C\{Ox}-supp(F)) in E[F,C+). Song [31], perhaps, is the 
first to accomplish the goal. His result is the focus of this section. 
Before stating and proving the main theorem, several results which will 
be employed later should be mentioned. A proof of the second lemma can 
be found in [8 . 
Lemma 3.2.1. Let C be a convex cone in a real normed space ||. ||) such 
that the set C^ is nonempty. If the symbol where x is any point in 
X, is used to represent the set {f e X* \ f{x)�0}，then 
f l 
xecp 
Proof. The inclusion C+ C PIxgcp is obvious. To show the reverse 
inclusion, notice that X* equipped with the topology a{X*,X) is a locally 
convex space, that (X*, a{X*, X)y may be identified with {X, || • ||), and that 
is a weakly* closed, pointed, convex cone in X*. Then by the definition 
of CP and Proposition 1.1.13, / G if f{x) ^ 0 for any point x G CP. 
Therefore, H.GCP 二 � + . 口 
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Lemma 3.2.2. ([8], Cor. 3.1.5) Let U be an open subset of a topological 
space (X，T). If a family of closed subsets of X contains at least one 
compact set — in particular if X is compact — and if HAGA ^ f^ ； then 
there exists a finite set {Ai,入2，• • •，An} Q A such that 门二丄 Ax^ Q U. 
Now it is time to state and prove the main theorem of this section. 
Theorem 3.2.3. ([31], Thm. 2.1) Let {X, || . ||) be a real normed space with 
a generating closed ordering cone C such that the set C^ is nonempty. If F 
is a nonempty compact (resp. weakly* compact) subset of the topological dual 
X* which is partially ordered by the dual cone for C, then 
{resp. E(F,C+) C w*-cl(C^-supp(F))). 
Proof. For brevity's sake, the symbol is used to represent the set 
^ X* I f{x) > 0} throughout this proof, where x is a point in X. Let / be 
an arbitrary point in the set E(F, C+). Now for any point x e C^ construct 
the set F n ( / - C + ( x ) ) , which is represented by the symbol F：,] then F^ is 
a compact (resp. weakly* compact) subset of X*. As 二 f U 砂 by 
Lemma 3.2.1, it follows that 
n FT = F n ( f - n � ) = F n ( / — C + ) = { / } . 
xecp \ xecp / 
Since F is compact (resp. weakly* compact) and is closed (resp. weakly* 
closed), it can be deduced from Lemma 3.2.2 that for any neighborhood (resp. 
weak* neighborhood) U of f there exist n points xi,--- ,Xn in C^ such that 
i=\ \ / 
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Let K represent the set 门二丄 C+{xi)] then X is a weakly* closed convex 
cone such that Fn{f-K) C U. Since is obviously compact (resp. 
weakly* compact), it follows from Proposition 2.1.11 and Lemma 2.1.10 that 
there exists an element f* G E{F A (/ - K),K) C E[F,K). Therefore, 
f * G F r \ ( J — K ) & U . Furthermore, it is known that 
(/* - C7+ - F) n g -K. (1) 
To see this, let g be any point in the set then g+he f^ — F 
for some point h G C+. On the other hand, as C and K is ^ convex 
cone, it follows from Proposition 1.1.2 that g - ^ h e K - { - C - ^ C K - ^ K C K . 
Therefore, ^^  + G (/* — F)门 二 {0义*}，and so g =-h e C -K. 
Now designate the set G X* | f{xi) > 0} as S; then S is clearly 
a weakly* open convex cone such that S C K\{-K). As a result, 
(广一 (7+ _ i?) n = 0 
by statement (1). Since /* - - F is convex, there exists a point x eX 
such that 
r { x ) - p { x ) - f { x ) < q { x ) (2) 
for any points / € F, p G and g G Now notice that C+\{Ox*} Q S. 
To see this, let f be any point in C+\{Ox*}. As A := {xu … C CP, 
f{xi) > 0 for each point Xi € A，and thereby / € 5. Since Ox* e and 
f* e F, inequality (2) implies that q{x) > 0 for any point q G 
whence x € C^. Moreover, 
r { x ) - q { x ) < f { x ) (3) 
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for any points q G C+\{Ox*} and / G F. Since C^ is nonempty, it follows 
from Proposition 1.1.17 that is also nonempty, and thus, in view of 
inequality (3), f*{x) < f{x) whenever / G F, i.e., f* G CP-supp(F). Seeing 
f* e U, it follows that / G cl(C^'-supp(F)) (resp. / G w*-cl(C^^-supp(F))). 
• 
The following example illustrates how Theorem 3.2.3 can be applied to 
the infinite dimensional Banach space It is well known that certain 
infinite dimensional commodity spaces such as and arise naturally in 
some modeling problems which appear in mathematical economics (e.g., q.v. 
17], Ch. 34). Hence, the studies concerning infinite dimensional spaces are 
of importance due to their applications in practical problems. 
Example 3.2.4. ([26], Cor. 6.2) Suppose that F is a nonempty compact 
convex subset of the real Banach space I � equipped with its natural ordering 
induced by the cone where C is the nonnegative orthant of the real 
Banach space !}, which is the predual of Since C is closed, pointed, 
convex and generating, and also, in view of Example 1.1.16，CP, i.e., the set 
{x el^ \ x = {xi), Xi > 0 for each number i G 
is nonempty, it follows from Theorem 3.2.3 that E{F, C+) C cl(C^^-supp(F)). 
3.3 Generalizations in the Dual Space of a 
Banach Space 
In this section, {X, || • ||) is assumed to be a real Banach space with a 
closed convex cone C, whose dual cone (7+ has a weakly* closed base, such 
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that cl(C - C ) = Accordingly, C+ has a base 9 such that the number 
6 := inf \\e\\ > 1. (3.3.1) 
eee 
Now let n be the positive integer [|] + 2; then, in view of Example 1.2.4, 
has a weak*-enlargement where 
C+(n) cone ( s + (3.3.2) 乂 n + n / 
for every number n e Z+. In the remaining part of this section, unless 
otherwise stated, (C+(n))nGZ+ always refers to the weak*-enlargement of C+ 
defined by equality 3.3.2. 
The work to be recounted here is mainly due to Ng and Zheng [25 . 
Their result differs from those having been announced (e.g., c i . [12] or [31]) 
basically in that the feasible set concerned is not necessarily compact or 
weakly* compact. Before proceeding to the main theorem, several useful 
lemmas are required. A proof of the first lemma can be found in [29 • 
Lemma 3.3.1. (Phelps, [29], Thm. 1) Let (X, ||. ||) be a Banach space, and 
let F he a nonempty, weakly* closed, convex subset of the topological dual X* 
of {X, II . II). If f is a boundary point of F, then there exist two sequences 
{fn)nez+ 切 F and {xn)nez+ 切 Sx such that 
(а) limn—+00 Win - /II 二 0，and 
(б) fn{xn) = inf/GF /(工n) for each number n G Z+. 
Lemma 3.3.2. ([25], Lemma 5.3) Let {X, || . ||) be a real Banach space with 
a closed convex cone C such that cl(C -C) = X. If F is a nonempty, 
weakly* compact, convex subset of the topological dual X* of {X, || • ||) and the 
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corresponding dual cone C7+ has a weakly* closed base 6 satisfying inequality 
3.3.1, then for any numbers n e Z+ and e G ]0,+oo[，and any point fn G 
E[F,C+(n))，there exist points f^ G C^-supp(F) and gn e C+(n) such that 
l/c - fn + 9n\\ < e. 
Proof. Notice first that 
= (1) 
for each point fn G E(F,C+(n)). Since every C+(n) is pointed by Example 
1.2.4，it follows that Ox* 朱 int(C+(n)), whence fn 车 fn — int(C+(n)) 二 
int(/n - C+(n)). Consequently, F n int(/n - C+{n)) = 0 by equality (1). On 
the other hand, as has a base, C+\{Ox*} is nonempty, and so is each 
int(/n — C+(n)), for C+\{Ox*} C int(C+(n)) by Example 1.2.4. Thus, by 
Eidelheit's Separation Theorem, there exists a member 少 6 X**\{Ox-} such 
that 
inf {$( / ) I f e F } ^ sup{$(p) \gefn-
and so 
whence $ ( / ) > 0 for any point f G int(F — {fn - C+(n))). Therefore, Ox* is 
a boundary point of F - {fn _ C+(n)) because Ox* € F - [fn — C^{n)) and 
= 0. Now observe that each C+(n) is weakly* closed by Example 
1.2.4, it follows from the weak* compactness of F that each F-(/n—C+(n)) is 
also weakly* closed. Hence, by applying Lemma 3.3.1, there exist two points 
xeSx ^ n d g e F - i f n - C+(n)) such that \\g\\ < m i n { ^ , e}，where e is a 
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prescribed number in ]0, +oo[, and 
m ^ (2) 
for any point g e F - {U - C+(n)). Seeing g e F - {fn - C+(n)), there 
exist two points f^eF and Qn G (7+(n) such that § = fe -（fn _ %). Then 
by inequality (2) it can be seen that 
m ‘ m (3) 
for any point f E F. 
Now pick a point, represented by h, from the set Bx* such that h{x) 二 - 1 . 
Since, for each number n G Z+, 
e + -Bx^ c C+(n) Q F - U n - C+(n))， 
n 
it follows from inequality (2) that 
(e + h ] {x) = e { x ) g ( x ) 》 一 11列 > ~ \ n J n In 
for any point ^ G 0 , and thereby 
m (4) 
Seeing 0 is a base of C+, inequality (4) shows that x G C^. Accordingly, with 
the aid of inequality (3)，it can be seen that fe G CP-supp(F). Moreover, as 
l/g - fn + QriW = ll^ ll < the proof is completed. • 
Now it is time to state and prove the main theorem of this section. 
Theorem 3.3.3. ([25], Thm. 5.1) Let {X, || • ||) be a real Banach space with 
a closed convex cone C such that cl(C 一（7) 二 X，and let F be a nonempty, 
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weakly* dosed, convex subset of the topological dual X* concerned. If the 
dual cone for C is a quasi* Bishop-Phelps cone having a weakly* closed 
base, then 
� / � \ 
Proof. For brevity's sake, let the symbol F represent the set n ( / + Bx*) 
for any point / G E(F,C+); then F is clearly a weakly* compact convex 
subset of X*. Moreover, it is true that / G E{F, To verify this, notice 
that 
{Ox*} C (/ - i^ ) n Bx* n g (/ — F) n = {Ox*}; 
therefore, 
(/_ 巧 n (：；+ = (/ — F) n Bx* n (7+ = {Ox*}, 
as desired. Since the family ( C + ( n ) )妮 i s a weak*-enlargement of it 
follows from Lemma 2.3.8 that there exists a sequence (/n)nez+ with fn e 
E(F, C+(n)) for each number n E Z+ such that 
lim dist(/n, / - = 0. 
n-^+oo 
Consequently, there exists a sequence ("n)nez+ in C^ such that 
lim ll/n — / + M = 0 . 
n—+00 
Hence, thanks to Lemma 3.3.2, there are two points ^ C^-supp(F) and 
g几 G C+(n) such that \\(t)n - / n + Pn|| ^ I for each number n € Z+. As 
\(t)n + "n + "n - /|| ^ \\<t>n _ fn + 9n\\ + \\fn + "n - /| 
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for each number n G Z+, 
lim + + — = 0 . � 
n—+00 
Seeing (X, || • ||) is a Banach space, F is bounded because it is a weakly* 
compact subset of X*. Now observe that 
\gn + KW < \\9n + /in + - /|| + ||0n|| + ||/| 
for each number n G Z+, so, by the inclusion | n G Z+} C F and equality 
(1), the sequence {gn-\-hn)nez+ is bounded. Moreover, as, in view of Example 
1.2.4 and Proposition 1.1.2，gn-^K € C+(n)+C+ C C+(n)+C+(n) C C+(n) 
for each number n G Z+，it follows from Example 1.2.4 that 
lim dist(pn + K , = 0, 
n—+00 
and so there exists a sequence {cn)nez+ in such that 
lim ||"n + "n — Cnll = 0. � n—+00 
On the other hand, since 
0 ^ Un + Cn - /II < Un + + "n _ /|| + ||"n + "n - c j 
for each number n E Z+, equalities (1) and (2) imply that 
lim ||0n + c , - / | | = 0 . (3) 
n—+00 
Recall that On)nez+ is a sequence in the weakly* compact set F, so, by 
picking a subnet if necessary, it can be assumed without loss of generality 
that there is a point /* G F such that ^ /* as n ^ +oo. Consequently, 
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by equality (3), c^ / - /* as n ^ +oo. Since is weakly* closed, 
/ - / * G Moreover, seeing / G E{F, C+)，or equivalently ( / - F ) n C + = 
{Ox*}, the preceding result implies that / = /*. Hence, ~ ^ Ox* as 
n — +00. Since C+ is a quasi*-Bishop-Phelps cone, Proposition 1.3.4.3 
shows that Cn 一 Ox* as n — +oo, and so 
lim llc^ ll = 0. � 
n—>+oo 
In addition, seeing 
0《\\(t>n - / I I ^ ||0n + Cn — /|| + ||Cn| 
for each number n € Z"^ , 
lim ||0n - /II = 0 
n—^+oo 
according to equalities (3) and (4). Finally, by using an argument similar 
to that of the corresponding part in the proof of Theorem 2.4.1, it can be 
shown that ^n € CP-supp(F) for sufficiently large number n G Z+, whence 
/ e c l ( C 〜聊 ( F ) ) . • 
The corollary below requires the cone in question to have a nonempty 
topological interior. 
Corollary 3.3.4. ([25], Cor. 5.1) Let (X, || . ||) be a real Banach space with 
a closed convex cone C possessing a nonempty topological interior such that 
cl(C 一 C) 二 If F is a nonempty, weakly* closed, convex subset of the 
topological dual X* of {X, || • ||)，then 
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Proof. Since C is a closed convex cone with a nonempty topological interior, 
Proposition 1.3.4.2 shows that C+ is virtually a quasi*-Bishop-Phelps cone. 
In addition, by virtue of Proposition 1.1.19, C+ has a weakly* compact base, 
and a fortiori a weakly* closed base. Therefore, the result of this corollary 
follows immediately from Theorem 3.3.3. • 
Epilogue: Glimpses Beyond 
Bringing this thesis to a close, two remarks should be given to enable a 
more integrated understanding of relevant development that accompanies the 
studies surrounding the Arrow-Barankin-Blackwell Theorem over the past 
years. 
Density Results for Various Proper Efficiencies 
A principal reason for introducing different concepts of proper efficiency 
is to eliminate certain anomalous efficient points inasmuch as most of the 
useful ones can still be retained. Therefore, the density of the set consisting 
of a particular kind of proper efficient points in the set of efficient points is a 
great help in screening whether these proper efficient points have drawbacks 
with regard to application. Motivated by this reason, many results similar to 
the Arrow-Barankin-Blackwell Theorem have obtained. For fuller exposition 
of these results, see, for example, [35] or [32 . 
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Generalizations for Set-valued Mappings 
In this thesis, almost all results are restricted to point-valued mappings. 
Nonetheless, set-valued mappings also occupy an important position in the 
contemporary theory of vector optimization because of their worthiness in 
application. Paralleling to generalizations of the Arrow-Barankin-Blackwell 
Theorem examined in this thesis, those about set-valued mappings have also 
been examined in mathematical literature. For instance, [14] contains a result 
of this kind. 
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